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INTRODUCTION 
Approximately one billion acres of land in the United 
States are used annually for forage production (58, p. vii), 
thus signifying its importance in this country. Although 
forage production has been the object of much research in 
the past, a large part of this research has been more con­
cerned with the establishment of treatment differences for 
specified levels of a particular nutrient or nutrients rath­
er than with showing yield response as a continuous function 
of one or more elements alone or in combination. After it 
has been established that a given crop does respond to one 
or more fertilizer elements, research objectives become more 
concerned with expected yields under given soil and manage­
ment conditions. In recent years the emphasis on applying 
an economic analysis to agronomic research had increased the 
necessity of showing yield as a continuous function of ap­
plied nutrients. 
With interests in yield responses to applied fertilizer 
nutrients, plant nutrition in relation to applied fertiliz­
ers and soil conditions and the need for an economic analy­
sis of experimental results, agronomists have been limited 
in the number of objectives that they could accomplish. One 
reason for the scarcity of research in forage production 
using two or more variables has probably been the require­
ment of a large number of experimental plots. However, in 
2 
recent years advances in mathematical statistics have per­
mitted the development of more efficient statistical designs 
which have greatly reduced the number of plots required to 
estimate a yield response equation within acceptable limits 
of experimental error. 
A large part of the agronomic research in plant nutri­
tion has been in the area of plant composition. Plant com­
position has been studied in relation to yield and applied 
fertility in both greenhouse and field studies. However, 
many of the studies were with only one plant nutrient vari­
able or the study of one variable at constant levels of 
other variables. Thus, it was difficult, if not impossible, 
to determine the effect of different rates and combinations 
of fertilizer elements on plant composition. 
With recent advances in agricultural technology coupled 
with the expectation of a reasonable profit, many of the eco­
nomic analyses have been applied to the "high value" crops 
such as corn, cotton, tobacco, and soybeans. This has re­
sulted in relatively little research in forage production 
and even less economic interpretation. With an increasing 
population and an increasing per capita consumption of rumi­
nant products, interest in forage production can be expected 
to increase. The development of an efficient fertilizer in­
dustry and the problem of bloat in grazing ruminants has 
furthered an interest in soil fertility experiments using 
3 
grass species alone as the response crop. 
To alleviate some of these problems this study was ini­
tiated with the following objectives: (1) to determine some 
quadratic yield equations for a specified forage crop as a 
function of applied fertilizer nutrients, (2) to determine 
the relationship of plant composition as a quadratic func­
tion of differerent rates and combinations of fertilizer 
nutrients, (3) to determine some quadratic yield equations 
as a function of plant composition, (4) to indicate a co­
efficient of determination for the computed equations, 
(5) to perform specified economic analyses with the response 
equations, and (6) to compare individual regression coeffi­
cients at a given location for different years. 
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HEVIEW OP LITERATURE 
Chemical Composition and Yield of Forages 
That grass species respond to applied mineral fertiliz­
ers has been shown by a number of workers. Research con­
ducted in Florida on native grass species grown on a mineral 
soil indicates that grasses give a yield response to N^" 
fertilization, regardless of the source of Ef used (6). 
Added N also increased the H concentration in the plants. 
Workers in Connecticut have shown that yields of Ken­
tucky bluegrass and Rhode Island bentgrass are increased by 
fertilization with U (12). It was also stated that E applied 
in April was nearly twice as effective as U applied in June 
in increasing total yields of grass. However, when N was 
applied in June, yields were more uniform throughout the 
growing season. 
It was found in a study in Uew York that U, P and lime 
each increased plant growth of pasture species (63). Fer­
tilizer P gave increases in total vegetation under all con­
ditions studied with an average increase of nearly 20 per­
cent. Nitrate of soda was used as a source of N and signif­
icant increases in total vegetation were found at all N 
rates. The proportion of grasses and weeds was usually 
^Elements will be designated by their chemical symbol. 
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Increased and the proportion of legumes decreased "by the H 
applications. Lime additions also gave positive results in 
yield increases. On very acid soils the increase averaged 
100 percent and on previously limed soils, the increase was 
10 percent. Lime and phosphates increased the proportion of 
desirable species in the pasture mixture and decreased the 
proportion of weeds. 
Results from a grass-clover pasture experiment in Hew 
Hampshire show that pastures will respond to K, P, K and Ca 
as lime (46). Yield responses were obtained from each named 
element applied; however, clovers tended to dominate when P, 
K and Ca were applied and grasses dominated when If was ap­
plied alonee It was concluded that there was a better bal­
ance of species and more total production when all elements 
were applied in combination. 
In a Michigan study smooth bromegrass was described as 
a voracious user of N (48). This is probably one reason for 
its popularity in legume mixtures as the legume would be ex­
pected to supply its H needs. Its characteristic greenness, 
succulence and palatability at advanced stages of maturity 
make it a desirable pasture species. When grown alone high 
rates of applied If have doubled its yield on experimental 
plots. 
Yield responses of grass to applied K have been more 
variable than to If and P. Many fertilizer recommendations 
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for grass are based on a maintenance requirement rather than 
an expected yield increase. In a recent Georgia study (34) 
it was determined that K became limiting sooner than P at 
high rates of H fertilization on coastal bermudagrass. 
In another study in Massachusetts (18) it was recom­
mended that 60 to 90 pounds of K should be applied to estab­
lished stands of timothy or smooth bromegrass after each 
clipping or pasturing in order to maintain a uniform stand. 
Productivity, quality of forage and longevity of stand were 
increased with K applications. 
In a H fertility study on established bromegrass in 
Kansas (2), N fertilizer rates up to 200 pounds per acre 
were tested. It was found that seed and forage yields in­
creased up to 100 pounds of U per acre, but above this rate 
H was less effective in increasing yields. The percentage 
of crude protein was not increased appreciatively up to the 
100 pounds per acre rate, but above this rate the percentage 
of crude protein was increased. 
Brown and Munsell (11) compared Kentucky bluegrass with 
orchardgrass, timothy, and Bhode Island bentgrass in pure 
cultures and in mixtures with Ladino clover. It was found 
that the quantity and quality of forage from Kentucky blue-
grass was equal to that of the other grasses and no signifi­
cant difference was found in seasonal distribution of yields. 
In this study all vegetation was cut to a height of 1 inch. 
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This may have "been less detrimental to the re growth of Ken­
tucky "bluegrass than to or char dgr as s. Under a different 
- management system different results might have been obtained. 
In a North Dakota study, Dotzenko (17) evaluated six 
grass species for forage yield and N content under five lev­
els of N fertilization. They were tall wheatgrass, tall 
fescue, tall oatgrass, smooth bromegrass and orchardgrass. 
Highly significant increases in yield of each species were 
obtained from N applications. Total N content increased 
with increasing N rates and smooth bromegrass had the high­
est N content of any of the grasses tested. 
In a Canadian experiment studying the effect of N, P 
and K on yield of permanent pastures (14), it was found that 
each fertilizer element improved yields. P brought about 
the most marked improvement and K rates up to 60 pounds per 
acre were effective in increasing yields. Nitrogen in­
creased total yields, but was most effective during the ear­
ly part of the growing season. 
In a New Jersey study comparing yields and chemical com­
position of reed canarygrass and orchardgrass (47), a yield 
response to applied N was found at rates up to 400 pounds 
per acre. The percent N in the plant also increased as the 
N rate increased. A basic application of K was made over 
the entire experiment and it was found that a K shortage 
developed at high N rates. During the first year of the 
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experiment the percent K in the plant increased with in­
creasing N rates. After the first year, the percent K in 
both grass species decreased with increasing N rates indi­
cating a possible K shortage. 
A Nebraska study of the effect of N on bromegrass yield 
and composition (51) showed increasing yields and an in­
creasing N content as the N rate was increased from zero to 
240 pounds per acre. The P content also increased as N 
rates increased. The greatest increase in P content was in 
the first cutting and there was no effect of N on percent P 
in the fourth cutting. The effect of increasing the rate of 
applied N on the percent K in the plant was to increase it. 
N increased the total cation content of the forage, and it 
changed the relative proportions of the cations in the for­
age. The K proportion was increased and the Ca and Mg pro­
portion was decreased. No reasons were given for the in­
crease in the plant concentration of P and K. 
A discussion of the effect of N on P availability by 
Grunes (25) concludes that N increases root growth and the 
foraging capacity of plants for P. If more soil P were made 
available to the plant by N fertilizer and the increased 
plant growth did not "dilute" this increase in total P up­
take, then it might be expected that the percent P in the 
plant would increase. 
That applied N will increase the percent N or the 
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percent of crude protein in the plant has been cited previ­
ously. 
It is less well known that the K content of grass often 
increases as N rates increase. Ramage (47) showed that the 
K content of reed canarygrass and orchardgrass increased 
with increasing rates of applied H. 
Gregory (23) and Griffith and Teel (24) have stated 
that K is required for protein synthesis and in certain en­
zyme reactions. This may be the reason for the increase in 
K content with an increase in H rates as the applied N in­
creases the percent crude protein. 
A study by Sherwood et al. (55) of the effect of phos­
phate and lime on a Kentucky bluegrass-white clover sod 
indicated that applied P increased yields and the P content 
in the plant. Applied P also increased the N content of the 
herbage. It was not discernable whether the increase in N 
content was due to some physiological relationship between 
H and P or due to an increase in the white clover proportion 
of the herbage. There was no apparent relationship between 
yield and percent N or percent P. 
It was found by Pierre and Robinson (45) that P ferti­
lization of Kentucky bluegrass increased the percent P in 
the herbage. It was indicated that 0.30 percent P was the 
critical percentage of P for Kentucky bluegrass and that 
0.16 percent P was the minimum percentage. Minimum 
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percentage and critical percentage are defined by Macy (39) 
respectively, as that percentage below which only yield in­
creases are obtained and that level above which only in­
creases in plant composition are obtained. Values above the 
critical percentage would represent luxury consumption. 
In a study by Due11 (19) of the utilization of ferti­
lizer by six pasture grasses, species differences in yield 
and nutrient concentrations were found. Kentucky bluegrass 
had a higher yield at all rates of applied fertilizer than 
bromegrass and a lower concentration of E and K in each year 
of a three-year study. There was no significant difference 
in P concentration. 
The highest rate of applied fertilizer in this experi­
ment was 1000 pounds per acre of 10-10-10. This rate may 
not have been high enough to utilize all of the productive 
potential of each of the grasses tested. It does indicate 
that at a specified fertility level, Kentucky bluegrass may 
be more efficient in the utilization of fertilizer nutrients 
than bromegrass. 
In a study by Brown (10) of the effects of fertiliza­
tion with N, P, K and Ca on the chemical composition of 
vegetation in pastures it was found that all elements in­
creased the TS content of the herbage. For the P, K and Ca 
additions the increase in N content was probably due to the 
effect of these elements on the proportion of white clover 
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in the vegetation. Applied P and Ca increased the Ca con­
tent of the forage and applied P also increased the P per­
centage in the plants. Applied K increased the K percentage 
in the plants, but its relationship to the content of the 
other elements was not indicated. 
Although this study is primarily concerned with nutri­
ent concentration as affected by applied fertilizers, it is 
recognized that other factors can influence nutrient concen­
tration in plants. Goodall and Gregory (22) stated that con­
centration of an element in a plant depends upon the rela­
tion of the nutrient to the growth process, rate of uptake 
and rate of utilization. If plant development is depressed 
by low levels of external factors such as water or tempera­
ture, internal concentration will rise. In some instances 
this may explain "luxury consumption" at moderate nutrient 
concentrations in the external medium. Factors such as 
pests or diseases may also influence nutrient concentrations. 
Pasture Evaluation 
Pasture production has been evaluated by a number of 
methods. Mott (43) measured the increase in yield of beef 
per acre over season-long grazing to compare management sys­
tems and fertility treatments in Indiana. He concluded a 
bluegrass-birdsfoot trefoil mixture was superior to N ferti­
lized bluegrass for steers and that rotation grazing was the 
12 
"best management system. 
In a comparison of techniques of measuring pasture pro­
duction in fertilized trials in Hew Zealand (21), it was de­
cided that the cage method was the standard one with which 
other methods would be compared. Hone of the other methods 
were as good as the cage technique in the measurement of 
absolute amounts of forage produced; however, the clipping 
technique was found to be comparable in the measurement of 
response to fertilizers. Sheep were the livestock used as 
grazing units. 
It has been observed by Robinson et al. (50) that 
yields obtained by clipping permanent pasture plots showed 
a progressive decrease in relation to yields measured by 
grazing animals. However, there was a high correlation in 
any one year between yields from clipping and yields from 
grazing. The coefficient of correlation for a four-year 
period between yields of individual clippings and correspond­
ing yields from grazing was found to be 0.860. Yields were 
determined as total digestible nutrients and dairy cows were 
used as the grazing units. 
A summary of pasture evaluation methods has been pre­
sented by Ahlgren (1). He cites difficulties encountered by 
mechanical harvesting methods when it is recognized that 
animals graze preferentially and affect the sward in a man­
ner which cannot be duplicated mechanically. In a summary 
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of the clipping method he concludes that most investigators 
report that results based on clipping trials that simulate 
grazing approximate those obtained in grazing during the 
first few years. 
Research in Alabama indicates that beef gains can be 
related to pasture production as a quadratic function of 
total yield of the sward (53). In this work beef gains were 
determined at 28-day intervals and forage yields were ob­
tained by clipping the herbage within a 10-foot square cage 
during the growing season. When three sets of results were 
pooled to relate beef gain to forage yield, analysis of the 
prediction equation gave an E-value of 0.86. It was found 
that up to the 5000 pound per acre level of forage produc­
tion, one pound of beef gain would be expected from 16.3 
pounds of forage. 
Other researchers have correlated milk production and 
forage production and consumption (4). A linear regression 
of milk production on forage production resulted in a pre­
diction equation with a correlation coefficient, r, of 0.84. 
A similar linear regression of milk production on forage con­
sumption resulted in an r of 0.84. This would indicate that 
increased milk production per acre can be obtained with an 
increase in forage production. 
Research workers in Britain have measured increased 
yields due to fertilizer in terms of milk production (31). 
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It was found that increasing the rate of applied IT on grass 
from 0 to 335 pounds per acre increased milk production per 
acre from 127 to 420 gallons per acre. In another method of 
measurement the number of acres required per cow decreased 
from 5.9 for the control to 1.8 for the 441 pounds per acre 
rate of N. These figures were obtained from a dairy herd of 
Ayrshire cows with an average weight of 1000 to 1100 pounds 
per animal. 
Increased production of herbage from pastures due to 
fertilizer applications can be measured by several methods. 
Each method has some advantages and some disadvantages. The 
choice of one method in preference to others cannot be de­
cided on the basis of a correct method, but must be decided 
on the basis of the experimental objectives, time available 
to conduct the experiment, expense and other relevant fac­
tors. 
Yield Equations 
Over 100 years ago Liebig (38) formulated his "law of 
the minimum" in which he expressed plant growth as being di­
rectly proportional to a growth factor. Mitscherlich (42) 
expressed plant growth in a more quantitative or mathemati­
cal form in which plant yield was dependent upon the factor 
that was in the minimum. Mitscherlich1 s law has been crit­
icized for maintaining that each nutrient promoted plant 
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growth independently of all other nutrients and for main­
taining that "c" values in his expression were constant for 
a given nutrient over different crops and growing conditions. 
At a later date, Spillman (57) developed an exponential 
function that was mathematically equivalent to that of 
Mitscherlich. Baule (5) modified Mitscherlich's function 
to include more than one variable nutrient. 
The power function has been recognized by investigators 
(35, 40) to be more suitable for economic investigations 
than for agronomic studies. This function has been criti­
cized for its inability to predict a diminishing yield and 
for assuming a constant elasticity of response (29, 30). It 
also does not exhibit a maximum yield nor approaches one 
asymptotically. 
The quadratic form of yield equation has been used in 
economic and agronomic studies. Heady et al. (30) compared 
five different single variable functions and concluded that 
when all observations were used, a square root transforma­
tion of the quadratic function allowed the best predictions 
for corn and alfalfa. 
There are several advantages for using a quadratic poly­
nomial or square root transformation of the quadratic poly­
nomial. They do not force the assumption of a constant elas­
ticity of response and can predict diminishing yields. They 
allow total yield to reach a maximum, followed by a negative 
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response. When a multivariate function is being fitted and 
diminishing returns are indicated for all variâtes, a 
"unique" solution exists for the combination of variates re­
quired to obtain the maximum yield. 
Production functions containing both square root and 
quadratic terms have been determined for corn fertilization 
experiments with two and three variable nutrients (13). A 
quadratic function with three variables has been fitted to 
potato yield data to determine a prediction equation (40). 
Dumenil (20) expressed corn yields as a quadratic func­
tion and a square root transformation of the quadratic in 
equations containing several variates. One type of predic­
tion equation was a quadratic with yield as a function of 
stand, H content and P content. This prediction equation 
2 had an R of 0.574 and each of the regression coefficients 
was statistically significant at the 0.01 probability level. 
Miller studied the relationship of the P and K content 
of different parts of the soybean plant at particular stages 
of growth and yields of soybeans (41). A comparison of R 
values between square root and quadratic forms of the pre­
diction equations showed no essential difference in predic­
tive value. 
Pew fertility experiments using forage species as the 
test crop show the mathematical relationship between yield 
and applied fertilizer, chemical composition and applied 
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fertilizer or yield and chemical composition. 
Heady et al. (30) have fitted square root functions 
containing P and K variates to red clover and alfalfa hay 
yields. Stritzel (59) measured alfalfa hay yields as a 
function of the residual effect of #, P and K fertilizers 
applied to a preceding corn crop. He also determined pre­
diction equations of the content and total uptake of a nu­
trient element. He concluded that P and K percentages were 
not affected significantly by the residual affect of ferti­
lizer treatment. 
The composite design has been proposed by Box and 
Wilson (9) and by Box (8) for estimating quadratic surfaces. 
The composite design was shown to be more efficient than the 
pentagonal design. This design also has the advantage of 
ease of fitting by least squares analysis and a reduced num­
ber of treatment combinations that are required to estimate 
a quadratic surface. 
Trame1 (61) modified the composite design to include 
more treatments so that the same precision in fertility 
trials with field experiment might be attained as had been 
attained in laboratory experiments. He concluded that the 
"triple cube" design was the superior design for the estima­
tion of all coefficients in a full term quadratic polynomial. 
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EXPERIMENTAL PLAHS AHD PROCEDURES 
Many pastures include a legume as one of the pasture 
species "because of its H fixing capacity. Advances in fer­
tilizer technology and bloat problems in ruminants have in­
creased interest in pasture production with no legumes in 
the pasture species. 
Developments in production economics have supplied 
techniques for a more direct economic interpretation of fer­
tilizer experiments and advances in statistics have led to 
the development of more efficient experimental designs which 
reduce the number of treatment combinations required for the 
estimation of important effects. 
These developments and knowledge of past agronomic ex­
periments led to the initiation of the present study con­
cerning Kentucky bluegrass and smooth bromegrass as affected 
by applied fertilizer nutrients. 
Experimental Sites and Procedures 
An experiment was initiated on an old established blue-
grass sod during the spring of 1958. The experimental site 
was located in a bluegrass pasture on the farm of a cooper­
ating farmer in Allamakee county, Iowa\ This location was 
selected because of its uniform stand of Kentucky bluegrass 
^"Mr. Albert McKee, Waukon, Iowa. 
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(Poa pratensis) and the soil type in the experimental area 
was classified as Payette silt loam. 
In the spring of 1959 two experiments were initiated on 
established stands of smooth bromegrass (Bromos inermis). 
One of these experiments was located at the Seymour-Shelby 
experimental farm in south central Iowa on a soil classi­
fied as Shelby silt loam. For brevity reference to this 
location will be designated as SS in future discussions. 
The second bromegrass site was located at the Grundy-Shelby 
experimental farm on the same soil type also in south cen­
tral Iowa. This location will be designated as GS. The 
bromegrass in these experiments had been established several 
years previously with alfalfa as a companion crop but the 
alfalfa had largely disappeared from the stand and the exper­
imental sites were sprayed with 2,4—D previous to the time 
of the experiments to destroy the remaining leguminous 
plants. 
Weather data were recorded at or near both experimental 
farms. The experimental site located in Allamakee county 
was about 8 miles from a U.S. Weather Bureau station and 
records obtained from this station were considered révélant 
to the experiment. Table 1 presents precipitation informa­
tion at each location. Rainfall was above average at each 
location for each year with the exception of the 1958 blue-
grass experiment. 
Table 1. Mean and observed monthly precipitation in inches during 
the growing season near experimental locations 
Location 
Waukon Seymour-Shelby Grundy-Shelby 
Month Mean5" 1958 1959 Mean0 1959 I960 Mean0 1959 I960 
April 2.68 1.79 1.45 3.20 3.40 3.50 2.88 4.02 2.89 
May 4.05 0.70 8.40 3.90 5.30 5.10 3.78 7.55 3.33 
June 4.94 3.53 5.90 5.70 4.00 5-30 5.41 4.11 7.32 
July 4.00 2.20 2.40 2.80 2.10 1.90 3.57 2.13 0.98 
August 4.43 3.65 6.36 4.10 5.80 4.00 4.62 10.39 7.39 
Total 20.10 11.87 24.51 19.70 20.60 19.80 20.26 28.20 21.91 
aBased on the 1935-1952 period at Waukon. 
b 
Based on the 1931-1955 period at Centerville. 
cBased on the 1931-1955 period at Beaoonsfield. 
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Ammonium nitrate was used as the N source, concentrated 
superphosphate was used as the source of P and muriate of 
potash was used as the source of K. The rates and combina­
tions presented in the next section were mixed and hand-
spread on plots that were 6 feet by 15 feet in size. 
The experimental plots were clipped to a height of l)i 
inches to 2 inches at approximately five-week intervals 
throughout the growing season. Clippings were then dried to 
a constant moisture percent, weighed, ground in a Wiley mill 
and sub-sampled for chemical analyses. 
Prior to fertilizer applications, soil samples were 
taken from each replication in 6-inch increments from the 
surface to 18 inches in depth. Each sample consisted of 
from 10 to 15 composited borings. Tests for pH, available 
P and exchangeable K were made on all soil samples by the 
Iowa State University Soil Testing Laboratory according to 
methods described by Hanway and Heidel (27). Soil test re­
sults are given in table 2. 
Statistical Methods 
The selection of a statistical design for use in exper­
imental methods is determined by the objectives of the exper­
iment, time, area, and materials available for use in the 
experiment. With the previously cited objectives of this 
study as a guide, one of the more recently developed 
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Table 2. Soil test results by profile layers for pH, 
available P, exchangeable K and the soil type 
at each experimental location 
Location 
Depth 
in 
inches pH 
Avail­
able P 
lbs./a. 
Exchange­
able K 
lbs./a. 
Soil 
type 
Allamakee 
county 
0-6 
6-12 
12-18 
5.54 
5.53 
5.55 
4.25 
2.08 
1.92 
343 
177 
164 
Fayette 
silt 
loam 
SS 0-6 
6-12 
12-18 
6.00 
5.61 
5.53 
1.56 
0.62 
0.50 
206 
182 
229 
Shelby 
silt 
loam 
GS 0-6 
6-12 
12-18 
6.31 
6.07 
6.05 
3.81 
1.94 
1.38 
375 
174 
176 
Shelby 
silt 
loam 
"composite" designs was chosen for use in these experiments 
(9). 
For the initial experiment which was begun in 1353, a 
5 x 5 x 5 N, P and K composite design was selected. This 
design had the disadvantage of no control plot in the treat­
ment rates and combinations. As it was probable that brome­
grass would have a higher production potential than blue-
grass, the original design was modified and expanded to a 
7 x 7 x 7 lî, P and K composite design for the bromegrass 
experiments. This modification had the advantage of a 
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control plot among the treatment combinations. The original 
composite design was modified by considering the marginal 
second moment of the linear component of the original design 
a constant, and the levels of applied fertilizer nutrients 
in the modified design were coded on this basis. In addi­
tion to the advantages pointed out by the originators of the 
composite design, this method of coding also reduced the num­
ber of decimal places that it was necessary to keep in the 
inverse matrix. The coded X matrix and the inverse matrix 
for both the original and the modified design are presented 
in Appendix A. 
Several authors have discussed general regression mod­
els and multiple regression analysis (3, 37, 56), and in gen­
eral, multiple regression techniques used in this text will 
follow those procedures. The X matrix, X'X matrix, inverse 
matrix and cross-product terms were computed and the appro­
priate parameters for the prediction equations were deter­
mined from the product of the inverse matrix and the cross-
product term. A prediction equation is defined as the math­
ematical relationship between a dependent variable and spe­
cified independent variables. Yields used in the cross-
product terms and other regression computations were mean 
yields from the replications in each experiment. 
Plant material from each experimental plot was analyzed 
to determine its percentage of H, P and £ by methods 
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discussed in a following section. Mean percent values for 
the growing season were then used as dependent variables and 
applied E, P and K were used as independent variates for the 
determination of equations that predict the percentage of N, 
P or K in the plant. In another phase of the study, the per­
cent values from each plot were used as independent variates 
and yields were used as the dependent variable for the com­
putation of prediction equations showing the relationship 
between yields of grass and its chemical composition of N, 
P and K. 
For the determination of prediction equations with 
yield a function of percent composition, the data for the 
nutrient variates and yields from each plot were punched on 
data cards. Most of the computations were then done by the 
Iowa State University Statistical Laboratory. 
It has been stated that as long as a variable has an 
agronomic basis and satisfies an equation model, the co­
efficient estimated by the method of least squares is the 
best estimate of the parameter available (26). This argu­
ment can be used as a basis for the retention of statis­
tically insignificant coefficients of variates in a multiple 
regression equation. This argument is also justified in the 
following discussion of a geometric model where, apparently, 
significance of individual coefficients may be a function of 
initial soil nutrient levels and the range of the variates 
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tested. 
The selection of terms to be used in a prediction equa­
tion is determined by the model and the probability level 
required for significance. For this study terms will be re­
tained in a prediction equation according to the following 
criteria. A linear x linear interaction term will be re­
tained in a prediction equation if the F-ratio or t-test 
ratio of its regression coefficient is greater than unity. 
The retention of a linear x linear interaction term requires 
the retention of each of the linear variates appearing in 
the interaction since, by definition, a linear effect can 
not be evaluated independently if one of its interactions is 
significant (56, pp. 334—337). 
A quadratic function of a variate is a polynomial of 
the second degree in that variate. Therefore, if the co­
efficient of either the linear or second degree variate has 
an F-ratio or t-tesx ratio greater than unity, both terms 
will be retained in the appropriate prediction equation. 
It is assumed in a one-tailed F-test that the only 
2 p 2 , p 
alternative to  i s that £is greater than S 2 
(3, p. 84). Therefore, if s| is less than or equal to s|, 
5" j is probably part of the same random variation as £ 2 # 
The choice of either an F-test or a t-test to evaluate a co­
efficient is justified by the fact that an F-ratio with one 
degree of freedom in the superscript is the same as the 
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square of the t-test if the degrees of freedom in the sub­
script of the F-test are the same as the error degrees of 
freedom of the t-test. 
Chemical Analysis 
A sample of each clipping from each plot was saved for 
chemical analysis. If a plot yield was greater than 200 
grams at least 200 grams of dry matter were ground in a 
Wiley mill and sub-sampled for later analysis. If the plot 
yield was less than 200 grams, the entire sample was ground 
and the ground portion was then mixed and sub-sampled for 
chemical analysis. 
Prior to weighing for analysis the tops were removed 
from the glass bottle containers and each plant sample was 
oven dried for a minimum of 24 hours at 65° C. After drying 
each sample was analyzed for N, P and K according to the pro­
cedure presented in Appendix B. In this procedure a 0.5 
gram plant sample is digested in boiling concentrated sul­
furic acid. After diluting to a specified volume, aliquots 
were taken for each nutrient determination. 
The H determination consists of detecting the concen­
tration of N in the form of ammonium sulfate in the digest 
solution. This determination was made by a colorimetric pro­
cedure described by Taras (60). The ammonium sulfate is 
colorless in the acid solution but changes to a yellow color 
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upon alkalization with. Kessler's reagent. The sample con­
centration is then determined by comparing the sample color 
with standards on a colorimeter. 
The P concentration was determined by comparing samples 
and standards on a colorimeter in the presence of an added 
vanado-molybdate solution. 
Determination of K was made using a flame photometer on 
an aliquot of the digest solution diluted with a lithium ni­
trate solution as an internal standard. A brief discussion 
of the analytical methods for the determination of P and K 
can be found in a recent text by Jackson (35). 
Geometry of a Yield Function 
Heady et al. (30) present a discussion of the algebraic 
and geometric relationships between yield and nutrient vari­
ables expressed in a quadratic equation. Since many experi­
mental results may apply only to a portion of the complete 
yield-response function, the objective in this section is to 
relate particular conceptual experiments to the general 
yield function and show where so-called "unrealistic*1 exper­
imental results may actually be a part of the general yield 
function. 
Extrapolation beyond the range of applied nutrient var­
iables may be hazardous for a number of reasons (44, p. 150). 
Among them, the assumption of constancy of the quadratic 
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effects is probably a primary source of error in curvilinear 
regression. The range of most agronomic experiments usually 
covers only a small portion of the fertility levels required 
to describe a complete response curve, therefore, the as­
sumption of a constancy of effects beyond the range of exper­
imental treatments can lead to erroneous conclusions. 
A quadratic prediction equation in which Q represents 
a variable nutrient and Y represents yield may be of the 
form 
E(Y) = B0 + B±Q + B^Q2. (1) 
If this prediction equation is a true representation of bio­
logical response then a quadratic regression equation fitted 
to experimental data should provide an empirical prediction 
equation which closely "fits" the hypothesized curve. 
Standard statistical methods have been developed which de­
termine the closeness of "fit" for the empirical data. 
The sign of the coefficients in the prediction equation 
reflects the orientation of the function with respect to the 
coordinate axes. In many soil fertility experiments a plant 
nutrient to which it is believed a crop will respond in 
terms of added yield is applied to the soil. In a situation 
such as this it would be expected that the regression con­
stant, Bq, and the coefficient of the linear variate, B^, 
would be positive. 
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Since, by Liebig's law of the minimum, there is a maxi­
mum yield that can be obtained from one essential nutrient, 
after which, some other factor limits yield, it would be 
logical to assume that the sign of the coefficient in the 
second order term, should be negative. Situations have 
been cited by other workers (7) where experimental data can 
exhibit properties conflicting with this concept. 
When fertilizer experiments are conducted on field ex­
perimental plots a given nutrient is usually supplied by the 
soil in increments sufficient to obtain measureable yields. 
A prediction equation which is to completely describe a 
yield curve may need to have parameters determined with the 
available soil nutrients considered in the computations. 
Methods for parametric determinations with consideration 
given to the available soil nutrients have been discussed 
by other workers (32). The following discussion is con­
cerned only with the fitting of a quadratic prediction 
equation to levels of an applied nutrient at specified soil 
nutrient levels. 
Figure 1 is an illustration of a proposed model with 
yield as a function of increasing amounts of a fertilizer 
nutrient. The Y axis represents an expected yield for a 
given amount of an available nutrient, Q. and £ repre­
sent two different levels of Q that are supplied by the 
soil. 
Figure 1. A schematic response curve partitioned into four parts 
which illustrate curves that result from different 
levels of available soil nutrients and different rates 
of applied nutrients 
AVAILABLE SOIL NUTRIENT 
AVAILABLE FERTILIZER NUTRIENT 
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Suppose a fertilizer experiment is initiated on a soil 
with an available soil nutrient level of &&& the range of 
the applied treatments is from a to b. A regression analy­
sis would result in the coefficients B^ and B^i both being 
positive. An interpretation of this equation would lead to 
the conclusion that an increasing yield return can be ex­
pected for each increase in the rate of the applied nutrient. 
Within the range of the experimental treatments in this 
example this interpretation is valid, however, extrapolation 
beyond the level of the applied nutrient would lead to the 
conclusion that there was no limit to the expected yield in­
crease for a given increase in the applied nutrient. 
Next, consider the situation where an experiment is ini­
tiated with a soil nutrient availability of the range 
of the applied nutrient is from a to c. In this range of 
applied nutrient decreasing returns to scale are indicated. 
The coefficient of the linear variate would be positive and 
the coefficient of the quadratic variate would be negative. 
This type of equation permits the prediction of a maximum 
yield from the experimental data although the regression 
curve must be extrapolated beyond the maximum level of the 
applied nutrient. 
If an experiment were conducted at applied nutrient 
levels from a to d beginning at soil nutrient availability 
level then the resulting prediction equation would be 
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E(ï) = B0 - B^Q2. (2) 
This unusual situation is the result of the total of the 
mean level of applied nutrient plus the available soil nu­
trient being sufficient to produce the maximum yield. The 
linear coefficient in a single variable quadratic predic­
tion equation represents the slope of a tangent line at a 
point. In this situation the point on the Q axis is at the 
nutrient level required for maximum yield, so the slope of 
the tangent line is zero and the linear term vanishes from 
the equation. In a quadratic equation the linear coeffi­
cient can be determined for any level of applied fertilizer, 
Q, by taking the derivative of Y with respect to Q and then 
evaluating the derivative at a specified level of Q. This 
method involves the translation of the axes of an experiment 
and is discussed by Jensen and Pesek (36). 
The previous examples have been concerned with soil and 
applied nutrient levels up to and including that level re­
quired to obtain the predicted maximum yield. Consider 
figure 1 again, soil nutrient availability level and ap­
plied nutrient levels from c to d. Regression analysis of 
data from an experiment conducted at these nutrient levels 
would show that coefficients of the linear and quadratic 
variates are negative. This indicates that additions of a 
fertilizer nutrient are depressing yields since the level 
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in the soil of the element being applied was more than ade­
quate to produce maximum yield. 
When yields are expressed as a function of several var­
iable nutrients the same general principles apply. The 
slope of the response surface at a point becomes a function 
of the coefficient of the linear and quadratic variates, the 
coefficients of all interactions with the nutrient being 
considered and the level at which the other variable nutri­
ents are held constant. 
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RESULTS AND DISCUSSION 
Significant responses of bromegrass and bluegrass were 
obtained to applied N and more of the variation in yield was 
accounted for by the effect of applied N than any other fer­
tilizer nutrient. There was an apparently small but con­
sistent response of both grass species to applied P. For 
the bluegrass experiment response to K was quite variable, 
however- there was a positive response to £ at low levels of 
applied N. In general the response of bromegrass to applied 
K was negative, and varied in magnitude according to the 
level of applied N and P. 
Bluegrass Experiment 
A bluegrass experiment was conducted on a Fayette silt 
loam during the 1958 and 1959 growing seasons, There were 
16 rates and combinations of N, P and K in each of three 
replications in 1958 and identical treatments were applied 
to the experimental plots in 1959. All plots were clipped 
to simulate grazing and clippings were then dried to a con­
stant 8 percent moisture before weighing. Clippings from 
each plot were totaled for each growing season and then 
statistically analyzed. 
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Effect of E, P and K upon yields of bluegrass in 1958 
The treatment rates and combinations with their asso­
ciated total 1958 yields are presented in table 3. There 
was a positive response to applied N at all levels of P and 
£. The response to applied P was positive and there was 
also a small positive response to applied K at most levels 
of H and P. 
To ascertain the effects of the fertilizer nutrients 
upon yield and to determine the significance of these ef­
fects, an analysis of variance was computed and partitioned 
into its various components for statistical testing. This 
analysis of variance^ is presented in table 4. 
The linear effect of applied U was the most significant 
factor in explaining yield variations of all the factors 
tested. The linear P effect was significant at the 0.25 
probability level, but the linear K effect was not signifi­
cant at any of the probability levels indicated and had an 
F-ratio less than unity. The quadratic effect of P was the 
only quadratic term statistically significant. The quad­
ratic effects of N and K each had F-ratios less than unity 
^The composite design chosen for the bluegrass experi­
ments did not include a control plot in the treatment rates 
and combinations, so a control plot was added to the exper­
iment to provide supplementary information. The control 
plot data were not included in the analysis of variance and 
regression computations so that favorable properties of the 
composite design could be retained. 
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Table 3. Treatment number and total 1958 bluegrass yields 
obtained with, specified fertilizer rates and com­
binations on Payette silt loam 
Fertilizer rates3 
Treatment 
number IS P K Yield* 
1 40 13 17 1777 
2 40 13 50 2371 
3 40 39 17 1875 
4 40 39 50 2379 
5 120 13 17 3142 
6 120 13 50 3510 
7 120 39 17 3527 
8 120 39 50 3727 
9 80 26 33 3265 
10 0 26 33 1462 
11 160 26 33 4236 
12 80 0 33 1971 
13 80 52 33 2841 
14 80 26 0 3300 
15 80 26 66 2833 
16 0 0 0 900 
aEates of N, P and K in pounds per acre. 
^Bluegrass yields are expressed in pounds per acre 
at 8 percent moisture. 
37 
Table 4. Analysis of variance of 1958 bluegrass yields 
on Payette silt loam 
Source of 
variation 
Degrees 
of 
freedom 
Sum of 
squares 
Mean 
squares F 
Treatment 14 9,278,033 
Linear 3 8,04-3,123 2,681,041 25.40 ** 
1 7,634,169 7,634,169 72.32 ** 
pi 1 374,544 374,544 3.55 + 
Ki 1 34,410 34,410 0.33 
Quadratic 3 632,890 210,963 2.00 \ 
1 87,986 87,986 0.83 
1 527,801 527,801 5.00 f 
Kq 1 17,103 17,103 0.16 
Interaction 3 74,185 24,728 0.23 
Vi 1 30,752 30,752 0.29 
•A 1 35,112 35,112 0.33 
piKi 1 8,321 8,321 
0.08 
Regression 9 8,750,198 972,244 9.21 * 
Residual 5 527,835 105,567 
** 
In this and all future tables, the double asterisk 
will indicate a probability level less than or equal to 0.01. 
* 
In this and all future tables, the single asterisk 
will indicate a probability level less than or equal to 0.05. 
+ In this and all future tables, the symbol 4- will 
indicate a probability level less than or equal to 0.25* 
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and none of the interaction terms accounted for a signifi­
cant portion of the variation in yield in this experiment. 
For this study terms are designated as "effective" in a 
prediction equation if the ratio of the mean square of the 
coefficient of the variate to the residual mean square is 
greater than unity. If this ratio is unity or less, it is 
assumed that the variation accounted for by this term is 
part of the same random variation that appears in the resid­
ual sum of squares. When, by statistical testing, it is de­
termined that either a linear or a quadratic term is to be 
retained in a prediction equation, then both terms will be 
retained. If a linear x linear interaction term is "effec­
tive" in accounting for yield variations, the linear vari­
âtes appearing in the interaction term cannot be evaluated 
independently and thus will be retained in the prediction 
equation regardless of the F-ratios of the linear effects or 
the t-values of the coefficients of the linear variates. 
For the bluegrass experiment none of the interactions 
were effective in explaining yield variations, so there is 
no reason for assuming that the variation explained by these 
effects is not part of the same random variation in the re­
sidual mean square. None of the coefficients of the K vari­
ates were "effective" in accounting for yield variation, 
therefore, it is concluded that applied K did not affect 
bluegrass yields and no K terms will be retained in the 
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prediction equation. 
The terms which, are "effective" in accounting for vari­
ation in yields were determined by the analysis of variance. 
The following equation and the considerations discussed 
above resulted from this analysis. This equation contains 
those terms considered appropriate for predicting bluegrass 
yields on Payette silt loam: 
Y = 404.6376 + 24.0473% + 66.2312? - 0.0424N2 
, (3) 
- 1.0417P2 
A 
where Y refers to total predicted bluegrass yield in pounds 
per acre, IS refers to pounds per acre of elemental N and 
P refers to pounds per acre of elemental P. This equation 
2 
has an E of 0.9296. 
Figure 2 is a response surface showing bluegrass yield 
as a function of applied H and P. A vertical plane through 
this surface perpendicular to the P axis shows the effect of 
the N variable on the yield of bluegrass. A similar verti­
cal plane perpendicular to the N axis shows the effect of 
the P variable on bluegrass yields. Within the range of the 
nutrient variables tested, IT predicts yields almost linearly 
with respect to increments of applied but the effect of 
applied P is more curvilinear. 
40 
26 39 
P (LBS/A) 
Figure 2. Predicted production surface for yield of 
"bluegrass in 1958 on Fayette silt loam as 
a function of applied 21 and P 
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Economic analysis 
Within the range of the variables tested, there are 
many possible combinations of N and P with which a given 
yield may be obtained. This relationship is true for all 
yields except the maximum yield and there is only one com­
bination of # and P from which, the ma-M mm yield will re­
sult. The If and P requirement for the maximum yield can be 
obtained from equation 3 by taking the partial derivative of 
A 
Y with respect to H to obtain equation 4 and by taking the 
A 
partial derivative of Y with respect to P to obtain equation 
5. 
8Y/6# = 24.0473 - 0.0848# (4) 
ÔY/8P = 66.2312 - 2.0B34P (5) 
Upon equating each of these derivatives to zero and 
solving for E and P, numerical values of 283.6 for N and 
31.8 for P were obtained. Substitution of these values in 
equation 3 as pounds per acre of applied N and P results in 
a maximum estimated yield of 4867 pounds of bluegrass per 
acre. 
The selection of a combination of N and P for bluegrass 
production at yield levels less than the maximum yield be­
comes, from an economic standpoint, a selection of the mini­
mum cost combination of H and P for a particular yield. 
This ttH wimum cost combination of E and P is determined from 
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isoquants and isoclines computed from the prediction equa­
tion 3 and the cost of each of the fertilizer nutrients. 
Isoquants, lines connecting points of equal yield, are 
another phase of the production function and can be derived 
from it. Isoquant equation 6 was derived from prediction 
equation 3 by solving for P as a function of U and Y. 
P = 31.7900 + (6072.6159 - 0.1767H2 + 100.2003% 
A "I /p ( 6 ) 
- 4.1668Y) ' / 2.0834 
Isoquant curves in figure 3 were computed from equation 
6. These curves show the combinations of H and P required 
to produce bluegrass yields of 2500, 3000, 3500, 4000 and 
4500 pounds per acre. As yields are increased from 3500 to 
4000 pounds per acre, larger amounts of N and P are required. 
The slopes of the isoquants indicate the change in the 
amount of P required to maintain a given yield when there is 
a change in the amount of applied H. If the amount of ap­
plied If is increased, less P is required to maintain a given 
yield and, if the amount of applied It is decreased, more P 
is required to maintain a given yield. 
Isoclines, lines connecting points of the same slope on 
successive isoquants, are computed from the same production 
function as the isoquants. Isocline equation 7 for the iso­
clines in figure 3 was computed from equation 3 by 
n 
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Figure 3. Bluegrass isoquants, isoclines and dotted 
ridgelines on Fayette silt loam for specified 
H. and P combinations and U:P price ratios, 
P^/Pp (Dashed lines are limits of the 
observations.) 
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considering it an implicit function of U and P. Then the 
partial derivative of P with respect to H was computed and 
equated to the negative E:P price ratio,. This equation 
was then solved for P as a function of U and the nutrient 
price ratio to determine the general isoquant equation 
P . 31.7900 - JÎ&22- . (7) 
The isoclines illustrated in figure 3 were computed "by-
inserting a particular nutrient price ratio in equation 7 
and solving for P at a specified level of U. Isoclines in 
figure 3 are for P^.:Pp ratios of 1.00, 0.50 and 0.25. When 
the price of li declines relative to the price of P, more S" 
should be used to maintain a specified bluegrass yield, and 
conversely, if the price of K increases relative to the 
price of P, more P should be used to maintain a specified 
bluegrass yield. 
least cost combinations of U and P required for blue-
grass yields specified in figure 3 are determined from the 
intersection of the isoquants and isoclines. At an H:P 
ratio of 0.25 and a bluegrass production level of 3500 
pounds per acre, 14-5 pounds of E per acre and 9 pounds of 
P per acre is the minimum cost combination of H and P. 
When the P^:Pp is 1.00 and a bluegrass production level of 
3500 pounds per acre is required, the least cost combination 
is 107 pounds of N per acre and 23.5 pounds of P per acre. 
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The dotted lines in figure 3 represent ridgelines which 
denote the relevant economic limits of the isoclines. They 
may also "be defined as isoclines with zero substitution 
rates. This means that there can be no replacement of P for 
IT (or H for P) in the production of bluegrass along the 
ridgelines. If one of the nutrient elements could be ob­
tained without cost, then bluegrass production should expand 
along a ridgeline as a function of the more expensive nutri­
ent. 
Optimum H and P rates and combinations at specified H, 
P and bluegrass prices, predicted yields, gross and net re­
turns are presented in table 5. In price situation A and B 
when the price of bluegrass increases from $15 to $25 per 
ton, the rate of applied ÏT should be increased from 63 to 
152 pounds per acre and the rate of applied P should be in­
creased from 18 to 24 pounds per acre. This results in a 
bluegrass production increase from 1.303 to 2.035 tons per 
acre and an increase in net return from $6.95 to $24.56 per 
acre. Consider price situation D and F when the U:P ratio 
changes to 0.50 and the price of bluegrass remains at $25 
per ton, the rate of applied IT should be increased from 152 
to 218 pounds per acre. 
A linear correlation coefficient between yields of 
individual clippings and corresponding yields from grazing 
trials was found to be 0.86 (50). This value is based on 
Table 5. Optimum N and P rates at specified N, P and bluegrass 
prices, predicted yields, and gross and net returns 
Price 
situa­
tion 
Price per unit 
N per P per Grass 
pound pound per ton 
Optimum rates 
N P 
lbs./a. lbs,,/a, 
Grass 
yield 
tons/ 
acre 
Ferti­
lizer Gross Net 
cost return return 
A 
B 
80.14 
0.14 
.21 
0.21 
$15 
25 
63 
152 
18 
24 
1.303 
2.035 
#12.60 
26 .32  
819.55 
50.88 
S 6.95 
24.56 
G 
D 
0.14 
0.14 
0.14 
0.14 
15 
25 
63 
152 
23 
26 
1.362 
2.049 
12.04 
24.92 
20.43 
51.23 
8.39 
26.31 
E 
F 
0.07 
0.07 
0.14 
0.14 
15 
25 
174 
218 
23 
26 
2.138 
2.325 
15.40 
18.90 
32.07 
58.12 
16.67 
39.22 
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research conducted over a four-year period and so it was 
concluded that animal production from pastures is closely 
related to their production of herbage. Research in 
Oklahoma (28) based on an 18-year study using yearling 
steers to harvest native grass pastures shows that it was 
necessary for the pastures to produce 20 pounds of forage 
if one pound of beef was to be produced. 
Interpretations of this study in terms of animal prod­
uct are based on the assumption that 20 pounds of forage 
production are necessary to produce one pound of beef. 
On the basis of a conversion factor of 20 pounds of 
forage as being equivalent to one pound of beef, the follow­
ing prediction equation based on forage yields from the 
bluegrass experiment on Payette silt loam was computed: 
B = 20.2319 + 1.2024% + 3.3116? - 0.0021H2 
? (8) 
- 0.05212 , 
A 
where B refers to total predicted beef production in pounds 
per acre, N refers to pounds per acre of elemental N and P 
refers to pounds per acre of elemental P. 
Similar analyses can be applied to the beef production 
prediction equation as were applied to the bluegrass produc­
tion prediction equation. At beef production levels below 
the maximum level that can be obtained with applications of 
% and P, there are many possible combinations of N and P 
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that can "be used to obtain a specified level of production. 
The maximum level of production can be obtained only with 
one specific combination of H and P. 
The % and P combination required to obtain the mm-ri m™ 
level of beef production can be obtained from equation 8 by 
A 
taking the partial derivative of B with respect to 5 to 
A 
obtain equation 9 and by taking the partial derivative of B 
with respect to P to obtain equation 10. 
9B/SS = 1.2024 - 0.0042% (9) 
dB/dP = 3.3116 - 0.1042P (10) 
Equating each of these derivatives to zero and solving 
for % and P resulted in numerical values of 286.3 for % and 
31.8 for P. When these values were substituted in equation 
8 as pounds per acre of applied % and P it was found that a 
maximum level of beef production of 244 pounds per acre 
could be obtained. (The slight discrepancy between the 
amount of H required for maximum production of beef and the 
amount required for the maximum production of bluegrass is 
due to rounding errors.) 
The choice of a % and P combination for beef production 
at production levels less than the maximum should be a mini­
mum cost combination of N and P for the particular level of 
production required. The minimum cost combination of % and 
P for a specified level of production is determined from 
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isoquants and isoclines computed from the prediction equa­
tion 8 and the cost of each of the fertilizer nutrients. 
Isoquant equation 11 was derived from prediction equa­
tion 8 by solving for P as a function of % and B. 
P = 31.7800 + (15.1830 - 0.0004H2 + 0.2506% 
^1/2 , (ID 
- 0.2084B) ' / 0.1042 
Isoquant curves in figure 4 were computed from equa­
tion 11. These isoquants show the combination of N and P 
required to produce 125, 150, 175, 200 and 225 pounds of 
beef per acre. As the level of beef production approaches 
the maximum larger amounts of H and P are required. Various 
combinations of N and P can be used for a particular level 
of production less than the maximum. Beef production of 200 
pounds per acre can be obtained with 260 pounds of U per 
acre and 2.5 pounds of P per acre. This same production 
level can also be attained with 145 pounds of If per acre and 
25 pounds of P per acre. Again, the slopes of the isoquants 
indicate the change in the amount of P required to maintain 
a given level of production when there is a change in the 
amount of applied N. 
Isoclines are computed from the same production func­
tion as the isoquants. Isocline equation 12 for the iso­
clines in figure 4 was computed from equation 8 by 
50 
60 
40 
244 LBS/A 
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Figure 4. Beef production isoquants, isoclines and dotted 
ridgelines on Fayette silt loam for specified 
N and P combinations and E:P price ratios, 
Pjj/Pp (Dashed lines are limits of the observa­
tions . ) 
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considering equation 8 an implicit function of IT and P. 
Then the partial derivative of P was taken with respect to 
H and equated to the negative #:P price ratio,at. This 
equation was then solved for P to determine the general iso­
quant equation as a function of H and the nutrient price 
ratio, 
P = 51.7812 + 2^22 _ MST1 . (12) 
oc 
Isoclines illustrated in figure 4 were computed by-
solving for P in equation 12 at a given price ratio and spe­
cified level of H. The isoclines in figure 4 are at N:P 
price ratios of 1.00, 0.50 and 0.25. When the price of N 
declines relative to the price of P more N should be used 
to maintain a specified level of beef production. If the 
price of N increases relative to the price of P more P 
should be used in the fertilizer combination to maintain a 
specified level of beef production. 
Least cost N and P combinations required for beef pro­
duction levels shown in figure 4 can be determined from the 
intersection of the isoquants and isoclines. When the N:P 
price ratio is 0.25 and the required level of beef produc­
tion is 200 pounds per acre, the least cost N and P combina­
tion is 175 pounds of N per acre and 12.5 pounds of P per 
acre. If the S":P price ratio changes to 1.00 and the re­
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quired level of beef production remains at 200 pounds per 
acre, the least cost If and P combination is 145 pounds of 
% per acre and 25 pounds of P per acre. 
Optimum U and P rates at specified N, P and beef prices, 
predicted beef production, gross and net returns and profit 
from fertilizer applications are shown in table 6. In price 
situations A dnd B when the price of beef increases from 
SO.15 per pound to $0.30 per pound, the rate of applied 
should be increased from 64 pounds per acre to 175 pounds 
per acre and the rate of applied P should be increased from 
18 pounds per acre to 25 pounds per acre. The increase in 
fertilizer application increases the potential beef produc­
tion from 131 to 217 pounds per acre resulting in a change 
in net return from $6.91 per acre to $35.53 per acre. Con­
sider price situations D and F when the N:P price ratio 
changes from 1.00 to 0.50 and the price of beef remains at 
$0.30 per pound. The rate of applied U should be increased 
from 175 to 231 pounds per acre. This changes the beef pro­
duction capacity from 218 to 237 pounds per acre and in­
creases the net return from $37.12 to $51.15 per acre. 
Effect of applied N, P and K in 1959 plus the residual 
effect of the 1958 applied fertilizer upon 1959 yields 
of bluegrass 
The same rates and combinations of If, P and K were ap­
plied on the bluegrass experimental plots in 1959 as were 
applied in 1958. If there were no significant differences 
Table 6. Optimum N and P rates at specified N, P and beef prices, 
predicted beef production and gross and net returns 
^ Price per pound Optimum rates iseei 
Price » — produc- Ferti-
situa- N P tion lizer Gross Net 
tion N P Beef lbs./a. lbs./a. lbs./a. cost return return 
A $0.14 00.21 $0.15 64 18 131 $12.74 $19.65 $ 6.91 
B 0.14 0.21 0.30 175 25 217 29-75 65.10 35.53 
0 0.14 0.14 0.15 64 23 137 12.18 20.55 8.37 
D 0.14 0.14 0.30 175 27 218 28.28 65.40 37.12 
E 0.07 0.14 0.15 175 23 215 15.47 32.25 16.78 
F 0.07 0.14 0.30 231 27 237 19.95 71.10 51.15 
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in environmental effects, a significant residual effect from 
1958 fertilizer applications should cause regression coeffi­
cients of the 1959 yield function to be significantly differ­
ent from those in 1958. The rates and combinations of ap­
plied fertilizer nutrients with their associated 1959 yields 
of bluegrass are presented in table 7. 
An analysis of variance of the 1959 yields was computed 
and its sums of squares were partitioned into their various 
components to ascertain which effects were most important in 
explaining yield variations. This analysis of variance is 
presented in table 8. 
The linear effect of the applied nutrients explained a 
more significant portion of the yield variations than the 
quadratic or interaction effects. Of the linear terms con­
sidered the linear effect of applied IT explained a larger 
proportion of yield variations than did the P or K terms. 
The linear effect of applied P was significant at the 0.25 
probability level, but the K linear effect did not explain 
any significant part of the yield variations. 
The quadratic effect of the three applied elements did 
not explain a significant portion of the yield variations, 
however, when the quadratic effects were partitioned into 
their various components, the P^ effect was significant at 
the 0.25 probability level. None of the interaction effects 
explained a significant portion of the yield variations, 
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Table 7. Total 1959 bluegrass yields obtained with 
specified fertilizer rates and combinations 
on Payette silt loam 
Fertilizer ratesa 
P K Yields'0 
40 13 17 2540 
40 13 50 2498 
40 39 17 2687 
40 39 50 2969 
120 13 17 4128 
120 13 50 4433 
120 39 17 4106 
120 39 50 4345 
80 26 33 3476 
0 26 33 1514 
160 26 33 5137 
80 0 33 2823 
80 52 33 3463 
80 26 0 3817 
80 26 66 3426 
0 0 0 1682 
aEates of If, P and K in pounds per acre. 
^Bluegrass yields are expressed in pounds per acre 
at 8 percent moisture. 
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Table 8. Analysis of variance of 1959 bluegrass yields 
on Payette silt loam 
Source of 
variation 
Degrees 
of 
freedom 
Sum of 
squares 
Mean 
squares P 
Treatment 14 12,318,536 
Linear 3 11,698,690 3,899,563 69.81 ** 
1 11,498,881 11,498,881 205.86 ** 
1 199,809 199,809 3.58 f 
1 0 0 0 
Quadratic 3 254,432 84,811 1.52 
1 9,503 9,503 0.17 
P q 1 231,390 231,390 4.14 f 
K q 1 13,539 13,539 0.24 
Interaction 3 86,120 28,707 0.51 
"A 1 66,248 66,248 1.19 
Vi 1 11,552 11,552 0.21 
Vi 1 8,320 8,320 0.15 
Regression 9 12,039,242 1,337,694 23.95 ** 
Besidual 5 279,294 55,859 
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however, the linear x linear interaction of N and P, H^P^, 
had an F-ratio greater than unity and it will be retained 
in the prediction equation. 
The following prediction equation contains those terms 
which were "effective" in explaining yield variation. 
Y = 630.7183 + 32.16149 + 55.9824P - 0.0401H2 
2 (13) 
- 0.6405P - 0.17385P 
2 
This equation has an H of 0.9746. 
The linear effect of applied Bf on bluegrass yields was 
greater in 1959 than in 1958, but the linear effect of ap­
plied P was slightly less than in 1958. 
An objective in this study was to compare corresponding 
regression coefficients for each of two growing seasons. If 
a factor was "effective" in accounting for yield variation 
in one growing season but "non-effective" in accounting for 
yield variation during the second growing season there will 
not be corresponding regression coefficients in each of the 
prediction equations. For this study coefficients estimated 
by regression analysis will be used as corresponding regres­
sion coefficients when terms are missing in a prediction 
equation for a particular growing season. 
A comparison of corresponding regression coefficients 
estimated by regression analysis of the 1958 and 1959 yields 
of bluegrass was made to determine if there were significant 
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Table 9» A t-test comparison between corresponding regres­
sion coefficients estimated by regression analysis 
of the 1958 and 1959 yields of bluegrass 
Coefficient Computed 
of t-value 
N 2.069 * 
P 0.544 
H2 0.040 
P2 0.754 
NP 0.848 
differences between effects for the two growing seasons 
(table 9)• The coefficient in the positive linear N term 
in the 1959 prediction equation was significantly larger 
than the coefficient in the linear N term in 1958. None of 
the coefficients of the other terms were significantly dif­
ferent at the probability levels shown. 
The significant difference between linear N coeffi­
cients is probably due to two factors. One factor would be 
a residual effect of 1958 applied N and a second would be a 
more favorable growing season in 1959• Data from the con­
trol plots in 1959 indicate a more favorable environment for 
the growth of bluegrass, thus, when sufficient quantities of 
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an element which would cause a yield response were available 
larger increases in plant growth were obtained than would 
have been possible if some environmental factor were limit­
ing. 
Effect of applied B", P and K upon the chemical 
composition of bluegrass 
The treatment rates and combinations with their ob­
served percent composition of #, P and K are presented in 
table 10. Increasing the rate of applied I, P or K in­
creased the percent N, P or K in the plant. The effect of 
any two of the applied elements upon the composition of the 
third element in the plant was apparently quite variable. 
To determine the effect of each of the applied elements upon 
the percent H, P and K in the plant, an analysis of variance 
was computed for the concentration of each individual ele­
ment and partitioned into its various components. Based on 
these analyses of variance, prediction equations containing 
the "effective" terms were computed. 
Effect of applied P and K upon the percent H in 
bluegrass in 1958 The analysis of variance1 of the per­
cent N composition from each treatment combination is pre­
sented in table 11. The linear effect of applied E was the 
^Again, control plot data was not used in the analysis 
of variance so that favorable properties of the composite 
design could be retained. 
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Table 10. Percent N, P and K and associated fertilizer 
rates and combinations in the 1958 bluegrass 
experiment 
Fertilizer rates8, # of Element in plants 
H P K H P K 
40 13 17 2.30 0.213 1.44 
40 13 50 2.16 0.221 1.54 
40 59 17 2.28 0.256 1.49 
40 39 50 2.34 0.268 1.55 
120 13 17 2.82 0.208 1.69 
120 13 50 2.84 0.217 1.74 
120 39 17 2.78 0.255 1.68 
120 39 50 3.04 0.271 1.82 
80 26 33 2.37 0.237 1.59 
0 26 33 1.87 0.253 1.51 
160 26 33 2.91 0.240 1.83 
80 0 33 2.73 0.161 1.57 
80 52 33 2.62 0.274 1.67 
80 26 0 2.55 0.227 1.51 
80 26 66 2.60 0.256 1.69 
0 0 0 1.89 0.171 1.41 
aEates of H, P and K in pounds per acre. 
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Table 11. Analysis of variance of the percent ÎT 
in 1958 yields of bluegrass 
Source of Degrees of Sua of Mean 
variation freedom squares square 
Treatment 14 14,452.87 
Linear 3 12,714.54 4,238.18 56.34** 
1 12,655.12 12,655.12 168.22** 
Px 1 8.01 8.01 0.11 
K1 1 51.41 51.41 0.68 
Quadratic 3 1,082.45 360.82 4.80 f 
1 503.01 503.01 6.69 * 
Pq 1 329.31 329.31 4.38 f 
Kq 1 250.13 250.13 3.32 * 
Interaction 3 389.75 129*92 1.73 
1 0.05 0.05 0.00 
N1K1 1 162.00 162.00 2.15 + 
1 227.70 227.70 3.03 f 
Regression 9 14,186.74 1,576.30 20.95** 
Residual 5 376.13 75.23 
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only linear effect that explained a significant portion of 
the variation of the percent H in bluegrass. The quadratic 
effect of applied N on the percent ÏÏ in bluegrass was sig­
nificant at the 0.05 probability level and the quadratic 
effects of applied P and K had a probability level of 0.25• 
The ïT-jE-i and P^K^ effects each explained a significant part 
of the variation of the percent It in bluegrass at the 0.25 
probability level. The F-ratio of the E^P^ effect was less 
than unity, therefore, it is assumed that the variation 
accounted for by this term is part of the same random varia­
tion appearing in the residual deviations. 
The following prediction equation contains the appro­
priate terms for predicting the percent N in bluegrass. 
n = [2652.8000 + 5.0319N - 28.7364P - 21.3055% 
- 0.0016H2 + 0.4034P2 + 0.1587K2 (14) 
+ 0.0678NK + 0.2454PK] x 10~5 
A 
n refers to the percent H in bluegrass. Nitrogen 
refers to pounds per acre of applied elemental N, P refers 
to pounds per acre of applied elemental P and K refers to 
pounds per acre of applied elemental K. Equation 14 has 
an E2 of 0.9742. 
Prediction equation 14 indicates that applied If in­
creases the N concentration in bluegrass. In the absence 
of applied N, applied P and K decrease plant percent II at 
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low rates and increase it at high rates. This is indicated 
2 2 by the positive coefficients of P and K and a positive 
coefficient of the PK interaction term. At a constant rate 
of applied 5 the positive HE interaction indicates that 
plant percent H will increase at a faster rate than can be 
explained by the linear U effect and also indicates that 
plant percent H will decrease at a slower rate than would be 
expected on the basis of the linear K term. 
The surfaces showing the effect of P and K on the per­
cent N in bluegrass are illustrated in figures 5 and 6. The 
effect of applied P and K on plant percent IT at the zero 
level of applied N is illustrated in figure 5« In the ab­
sence of applied ET or K, applied P initially decreased the 
percent N in the plant to a minimum percentage and then in­
creased the percent N content. A comparison of figure 5 
with the yield surface of figure 2 shows that the m-inimum 
percent N in bluegrass as a function of applied P occurs at 
approximately the same level of applied P as that level of 
applied P required for the maximum yield. The occurrence of 
this minimum percent N at the level of applied P required 
for the mRxi rmm yield when P is the only variable nutrient 
may be due to a maximum utilization of a constant amount of 
ST that is available for plant growth. 
With percent 5 as a function of applied K only, in­
creasing rates of applied K decreased the percent N in 
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Figure 5. Predicted surface for the percent N in bluegrass 
in 1958 on Payette silt loam as a function of 
applied P and K when applied N is 0 pounds per 
acre 
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Figure 6. Predicted surface for the percent U in "blue-
grass in 1958 on Fayette silt loam as a func­
tion of applied P and K when applied N is 
160 pounds per acre 
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bluegrass at a decreasing rate. At the 52 pounds per acre 
rate of applied P, applied K decreased the plant percent N 
to a minimum percentage and increased it beyond this level 
of applied K. The difference in the effect of applied K at 
zero and 52 pounds per acre rates of applied P is due to the 
positive P£ term. 
Percent I as a function of applied P and K at the 160 
pounds per acre rate of applied N is illustrated in figure 
6. Initially, the percent U in bluegrass is higher at the 
zero level of applied P and K due to the applied N ferti­
lizer. Applied P has the same effect at the high rate of 
applied N as it had at the zero rate of applied U. When the 
percent IT in bluegrass is a function of applied K at the 160 
pounds per acre rate of applied E, the percent N in blue-
grass decreased as the K rate increased to a level of about 
35 pounds per acre. At K rates greater than 35 pounds per 
acre the percent N in bluegrass increased as the rate of 
applied K increased. At the highest rates of applied H and 
P, applied K increases the plant percent E at all K rates. 
This is due to the positive EE and PK terms. 
Effect of 1959 applied E, P and £ plus the residual 
effect of the 1958 applied fertilizer upon the percent E 
in bluegrass in 1959 The treatment rates and combina­
tions and associated percent composition of H, P and K of 
the 1959 bluegrass experiment are presented in table 12. 
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Table 12. Percent U, P and K and associated fertilizer 
rates and combinations in the 1959 bluegrass 
experiment 
Fertilizer ratesa 56 of Element in plants 
H B K H. P K 
40 13 17 2.48 0.293 2.13 
40 13 50 2.53 0.301 2.13 
40 39 17 2.52 0.360 2.17 
40 39 50 2.40 0.348 2.21 
120 13 17 3.23 0.268 2.17 
120 13 50 3.34 0.287 2.24 
120 39 17 3.20 0.347 2.16 
120 39 50 3.21 0.330 2.34 
80 26 33 2.81 0.326 2.21 
0 26 33 2.37 0.377 2.12 
160 26 33 3.4-3 0.321 2.48 
80 0 33 3.12 0.194 2.05 
80 52 33 2.86 0
€
363 2.25 
80 26 0 2.99 0.324 2.09 
80 26 66 2.66 0.330 2.36 
0 0 0 2.33 0.223 1.97 
aBates of P and K in pounds per acre. 
68 _ 
The concentration of each element in bluegrass increased as 
the rate of application of the element being considered in­
creased. The effect of any two elements upon the concentra­
tion of the third element is variable and will be examined 
by statistical analysis. The average content of each of the 
applied nutrients in the bluegrass was higher in 1959 than 
in 1958. This increase in composition may be due to a resid­
ual effect of 1958 fertilizer applications or to environmen­
tal conditions affecting nutrient uptake. 
An analysis of variance of the percent E in 1959 blue-
grass clippings and its partitioned sums of squares is pre­
sented in table 13. Again, applied N had the greatest ef­
fect of any of the applied nutrients upon the H concentra­
tion within the plant. For the 1959 experiment the linear 
P and K effects are more significant than in the previous 
year while the lî^K-^ and P^K^ interactions are less signifi­
cant. The P^ effect was the only quadratic source of vari­
ation with an F-ratio greater than unity and none of the 
interaction terms had an F-ratio greater than unity. 
The analysis of variance determined the factors that 
were effective in explaining the variations in percent N in 
1959 bluegrass yields. The following quadratic prediction 
equation contains the appropriate terms for predicting the 
percent If, n, in bluegrass in 1959. 
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Table 13. Analysis of variance of the percent 1ST in 
1959 yields of bluegrass 
Source of Degrees of Stun of Mean 
variation freedom squares square 
Treatment 14 18,799*35 
Linear 3 17,408.61 5,802.87 34.39 ** 
1 16,818.20 16,818.20 99.68 ** 
P1 1 375.20 375.20 2.22 f 
1 215.21 215.21 1.28 
Quadratic 3 423.77 141.26 0.84 
1 78.78 78.78 0.47 
1 270.76 270.76 1.60 
Eq 1 74.23 74.23 0.44 
Interaction 3 123.37 41.12 0.24 
E1P1 1 4.50 4.50 0.03 
51K1 1 39.87 39.87 0.24 
P]_K1 1 79.00 79.00 0.47 
Regression 9 17,955.75 1,995.08 11.82 ** 
Residual 5 843.60 168.72 
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n = [2632.2000 + 5.5569# - 18.2501? - 3.84-523: 
P 2 9 , (15) 
+ 0.0159N + 0.2779? + 0.0246%^] x 10™5 
2 
This equation has an E of 0.9486. 
To determine if there were significant differences in 
the effects of 2J, P and K upon the percent N in bluegrass 
for each of the growing seasons, a t-test comparison between 
corresponding regression coefficients estimated by regres­
sion analysis was computed (table 14). The probability lev­
el of the difference between corresponding coefficients of 
the linear variates between years was 0.25. 
The linear îî term had a more positive effect upon the 
percent N in bluegrass in 1959 than in 1958 and the negative 
effect of the linear P and linear K terms was less in 1959 
than in 1958. The control plot data show that yield of 
bluegrass from the control plots was higher in 1959 than in 
1958 which indicates that environmental conditions were more 
favorable in 1959. More plant growth for a constant supply 
of H would "dilute" the total N in the plant, so it is prob­
able that a residual effect of 1958 applied N caused the dif­
ference between the coefficients of the linear U variate 
since the effect was more positive in 1959. 
Since the effects of the linear P and linear K terms on 
the percent N in bluegrass were negative and this effect was 
less in 1959 than in 1958, the difference between the 
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Table 14. A t-test comparison between corresponding 
regression coefficients estimated by regression 
analysis of the percent TS in the 1958 and 1959 
bluegrass experiments 
Coefficient Computed 
of t-value 
H 1.241 f 
P 1.603 f 
K 1.576 f 
N2 0.670 
P2 0.517 
K2 0.888 
NK 0.919 
PK 1.089 
corresponding coefficients of the linear N and linear P 
variates was probably due to environmental conditions rather 
than a residual effect of applied fertilizer. More avail­
able P and K nutrients should have increased the linear ef­
fect of these elements on the percent U in bluegrass in 1959 
if environmental conditions had been similar. 
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Effect of applied ff, P and £ upon the percent P in 
bluegrass in 1958 An analysis of variance of the percent 
P in the 1958 yields of bluegrass is presented in table 15. 
The linear effect of applied P was the most significant fac­
tor in explaining variations in plant percent P. The 
effect was highly significant and the ÎT^ effect had a prob­
ability level of 0.25. Each of the quadratic effects ex­
plained a significant portion of the variation in percent P 
with the Pq effect being the most significant and the ef­
fect the least significant. Bone of the interaction"effects 
had an P-ratio greater than unity so it is assumed that the 
variation accounted for by these coefficients is part of the 
same random variation appearing in the residual sum of 
squares. 
The following percent P prediction equation contains 
the appropriate terms for expressing the percent P, p, in 
bluegrass for the 1958 experiment. 
p = [169-5000 - 0.2595% + 3.5866P + 0.1880K 
2 2 2 -3 (16) 
+ 0.0013ÏT - 0.0306P + 0.0029% ] x 10 3 
p refers to the predicted percent P in the 1958 yields 
p 
of bluegrass, and this equation has an H of 0.9878. 
The linear effect of applied P explained a larger per­
centage of the variation of the percent P in bluegrass than 
any other effect. The effect of applied P was to increase 
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Table 15. Analysis of variance of the percent P in 1958 
bluegrass clippings 
Source of Degrees of Sum of Mean 
variation freedom squares squares 
Treatment 
Linear 
si 
Fi 
Ki 
Quadratic 
K 
Interaction 
"A 
•A 
$1K1 
Regression 
14 
1 
1 
1 
1 
1 
1 
1 
1 
1 
126.91 
115.07 
0.60 
108.11 
6 .36  
10.29 
3.37 
6.39 
0.53 
0.31 
0.13 
0.03 
0.15 
125.67 
38.36 
0.60 
108.11 
6 . 3 6  
3.43 
3.37 
6.39 
0.53 
0.10 
0.13 
0.03 
0.15 
13.96 
153.44 ** 
2.40 f 
432.44 ** 
25.44 ** 
13.72 ** 
13.48 * 
25.56 ** 
2.12 + 
0.40 
0.52 
0.12 
0.60 
55.84 ** 
Residual 1.24 0.25 
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the percent P in the "bluegrass within the range of applied 
P treatments. Nitrogen decreased the percent P in bluegrass 
at low levels and increased it at high levels. Eecent 
literature (25) indicates that the effect of U on P avail­
ability is to increase it and, thus, increase P absorption 
by the plant. Equation 16 is concerned with internal P con­
centration rather than total amount of P uptake and it indi­
cates a decrease in P concentration at low levels of applied 
U but there was not a decrease in the total amount of P ab­
sorbed by the plant. The initial decrease in percent P as 
a function of applied N is probably caused by the relatively 
large increase in bluegrass yields at low rates of applied 
N, thus "diluting" the total P in the plant. As H rates in­
crease, the magnitude of each yield increase diminishes and 
at higher levels of applied N the percent P in the plant in­
creases. 
Within the range of the treatments in this experiment, 
the P concentration within the plant increased when the lev­
el of applied K increased. Examination of the coefficients 
of the linear and squared variates indicates that the percent 
P in bluegrass increased at an increasing rate as the level 
of applied K increased. It has been found by some research 
workers that applied K will decrease P uptake in corn (49). 
Other researchers have found that associated fertilizer 
salts in combination with applied P may increase P uptake 
75 
(54). In a study in West Virginia, Pierre and Robinson (45) 
concluded that K had no effect on the P percentage in blue-
grass herbage. Since the effect of K upon the percent P in 
plants is apparently quite variable and may be different for 
different crops, soils, climates and rates and combinations 
of associated nutrients, no valid reason can be cited for 
the effect of K on the P percentage. 
Surfaces showing percent P as a function of applied U 
and K (figure 7) indicate that within the range of treat­
ments in this experiment increasing the rate of applied K 
slowly increased the percent P in bluegrass. At a low rate 
of applied N there is a small decrease in percent P but as 
the rate of applied N increases, percent P in the plant in­
creases. In the absence of interaction effects the shape of 
the response surface did not change regardless of the level 
of applied P. The vertical distance between the two sur­
faces is due entirely to the effect of applied P on the per­
cent P in the bluegrass. 
Effect of 1959 applied N, P and K plus the residual 
effect of 1958 applied fertilizers upon the percent P in 
bluegrass in 1959 An analysis of variance of the percent 
P in bluegrass in 1959 is presented in table 16. Again, the 
linear effect of applied P was the factor explaining the 
largest part of the variations of percent P in the plant. 
The linear effect of applied E on the percent P in bluegrass 
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Figure 7. 
.30 -
.27 
.24 
.21 
.18 -
.15 
Predicted surface for the percent P in "bluegrass 
in 1958 on Payette silt loam as a function of H 
and K (lower surface is with 0 pounds of P per 
acre and upper surface is with 52 pounds of P 
per acre.) 
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Table 16. Analysis of variance of the percent P in 
1959 bluegrass clippings 
Source of 
variation 
Degrees of 
freedom 
Sum of 
squares 
Mean 
square F 
Treatment 14 290, ,21 
Linear 3 226. 37 75. ,46 49 • 32 ** 
"i 1 20, ,32 20. 32 13 .28 
* 
Ei 1 205-.99 205, .99 134 .63 
** 
1 0. 06 0. 06 0 .04 
Quadratic 3 52. 19 17, .40 11 .37 * 
N 
q 1 24. 53 24, .53 16 .03 
* 
p4 
1 26. 79 26, .79 17 .51 ** 
1 0. 87 0, .87 0 .57 
Interaction 3 4. 00 1, .33 0 .87 
Vi 1 0, .09 0, .09 0 .06 
Vi 1 0. 03 0, .03 0 .02 
% 1 3. 88 3, .88 2 .54 + 
Regression 9 282, .56 31, .40 20 .52 ** 
Residual 5 7 .65 1, .53 
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was greater in 1959 than in 1958 and the linear effect of 
applied K was less in 1959. Of the interactions tested, the 
P,K effect had a probability level of 0.25. The B" aricl P q q 
effects were significant at the 0.05 and 0.01 probability 
levels. 
The analysis of variance was employed to determine the 
appropriate terms to be used in the percent P prediction 
equation. Although the K^ and effects each had 5-ratios 
less than unity, the retention of these terms in the predic­
tion equation is necessary due to the P^K^ interaction. The 
following prediction equation contains the appropriate terms 
for predicting the percent P in bluegrass in 1959• 
p = [225.7000 - 0.8895H + 7.2899? + 0.7405% 
+ 0.0038H2 - 0.0666P2 + 0.0021K2 (17) 
- 0.0320PK] x 10-3 
2 
This equation has an E of 0.9732. 
A comparison of the corresponding regression coeffi­
cients estimated by regression analysis of the percent P in 
1958 and 1959 bluegrass clippings shows that there was a 
significant difference in the linear effect of each of the 
applied elements upon the percent P in bluegrass in 1959 as 
compared to 1958 (table 17). There was also a significant 
p 
difference in the P and PK terms upon the percent P in 
bluegrass for each of the two growing seasons. The 
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Table 17. A t-test comparison between corresponding 
regression coefficients estimated by regression 
analysis of the percent P in 1958 and 1959 blue-
grass clippings 
Coefficient Computed 
of t-value 
TS 3.346 ** 
P 3.548 ** 
K 2.036 * 
U2 1.185 
P2 1.841 + 
K2 0.689 
PK 1.767 f 
algebraic sign of the coefficients of each of the effects in 
1959 is the same as in 1958 but the coefficients differ in 
magnitude. The reason for the difference in the effect of 
some of the factors upon the percent P in bluegrass in 1959 
from the effect in 1958 may be due to residual fertilizer 
from 1958 applications or due to other factors affecting 
plant growth and nutrient absorption. Control plot yields 
show that factors affecting the yield of bluegrass were more 
favorable in 1959 than in 1958 and it is not possible to 
separate these factors from a residual effect. However, 
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since the effects were similar but greater in magnitude in 
1959, the difference is probably due to 1958 fertilizer 
applications. 
Effect of applied S", P and K upon the percent K in 
bluegrass in 1958 An analysis of variance of the percent 
K in bluegrass clippings in 1958 and its partitioned sum of 
squares is presented in table 18. The linear effect of each 
of the applied nutrients explained a significant part of the 
variations in the percent K in bluegrass. The linear effect 
of applied N was the most significant factor in accounting 
for variations in percent K. Other workers have shown that 
plant percent K increases with increasing IT levels (47 ). 
Potassium has been associated with many plant processes such 
as the formation of sugar polymers from hexoses, protein 
synthesis and maintenance of the protoplasmic complex, and 
it may be a factor in enzyme reactions (23, 24). As 5 has 
been shown to increase plant growth and the percent crude 
protein in the plant, it might be expected to be an impor­
tant determining factor of the percent K in plants. 
Of the quadratic effects, and were significant 
at the 0.25 probability level. None of the interaction ef­
fects had F-ratios greater than unity so there is no reason 
for assuming that the variation accounted for by the inter­
action terms is not part of the same random variation in the 
residual sums of squares. 
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Table 18. Analysis of variance of the percent K in 1958 
bluegrass clippings 
Source of 
variation 
Degrees of 
freedom 
Sum of 
squares 
Mean 
square F 
Treatment 14 2,019.07 
Linear 3 1,886.62 628.87 65.30 ** 
% 1 1,507.38 1,507.38 156.53 ** 
1 66.83 66.83 6.94 * 
Ki 1 312.41 312.41 32.44 ** 
Quadratic 3 79.84 26.61 2.76 + 
q. 1 51.66 51.66 5.36 f 
*4 1 5.23 5.23 0.54 
K 
q. 1 22.95 22.95 2.38 + 
Interaction 3 4.45 1.48 0.15 
Vi 1 0.45 0.45 0.05 
Vi 1 1.90 1.90 0.20 
PA 1 2.10 2.10 0.22 
Regression 9 1,970.91 218.99 22.74 ** 
Residual 5 48.16 9.63 
82 
The following prediction equation contains the appro­
priate terms for predicting percent K, k, in the 1958 blue-
grass clippings. 
k = [1389.0000 + 0.44-79# - 0.89432 + 1.9298K , x 
2 2 p , (18) 
+ 0.0124N " + 0.0469P + O.OllOKT] x 10"^ 
A 
k refers to predicted percent K and the equation has 
an B2 of 0.9739. 
Within the range of the applied fertilizer in this 
experiment If and K increased the percent K in the bluegrass 
at an increasing rate. At low rates of application applied 
P decreased the percent K in bluegrass, but at higher rates 
the effect was to increase the percent K. 
An illustration of the percent K in bluegrass as a 
function of applied N and P is shown in figure 8. Within 
the range of If levels of this experiment, the percent K in 
bluegrass increased when the rate of applied If was increased. 
Applied P decreased the K concentration to minimum and in­
creased it beyond this level. In the absence of interaction 
terms the effect of either S or P upon the percent K is the 
same at all levels of applied K. 
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2.3 
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o 
X 
160 
120 
26 
39 
52 
Figure 8. Predicted surface for the percent K in blue­
grass in 1958 on Fayette silt loam as a func­
tion of applied IT and P when applied K is 
0 pounds per acre 
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Effect of 1959 applied E, P and K plus the effect of 
1958 applied fertilizer upon the percent K in yields of 
bluegrass in 1959 An analysis of variance of the percent 
K in 1959 bluegrass clippings is presented in table 19. 
Again, the linear effects of N and K were the most signifi­
cant factors in accounting for variations in percent K. For 
this growing season the significance of these effects was 
less than in 1958 and their F-ratios were closer in value. 
This may be due to an increased dependence of the plant upon 
fertilizer K even though the applied K did not result in a 
yield response. The variability accounted for by the 
effect was significant at the 0.25 probability level. Again, 
none of the interaction terms explained a significant part 
of the variability of the percent K in bluegrass, however, 
the effect had an F-ratio greater than unity so it will 
be retained in the prediction equation. 
The following prediction equation contains the appro­
priate terms for predicting the percent K, k, in the yields 
of bluegrass in 1959• 
k = [2011.2000 - 2.2783% + 6.7333P - 1.6642K 
+ 0.0156H2 - 0.0717P2 + 0.0244K2 (19) 
+ 0.0395NK] x 10-3 
This equation has an R2 of 0.8750. 
Applied N and X decreased the percent K in the 
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Table 19. Analysis of variance of the percent K in 1959 
bluegrass clippings 
Source of Degrees of Sum of Mean 
variation freedom squares squares 
Treatment 14 1,801.82 
Linear 3 1,262.49 420.83 10.57 * 
&L 1 592.19 592.19 14.87 * 
1 243.67 243.67 6.12 f 
1 426.63 426.63 10.71 * 
Quadratic 3 259.11 86.37 2.17 + 
1 163.14 163.14 4.10 + 
Pq 1 50.55 50.55 1.27 
K 1 45.42 45.42 1.14 
Interaction 3 81.14 27.05 0.68 
N1P1 I 0.66 0.66 0.02 
N1K1 1 54.92 54.92 1.38 
P1K1 1 25.56 25.56 0.64 
Regression 9 1,602.74 178.08 4.47 + 
Residual 5 199.08 39.82 
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bluegrass to a minimum level and then increased the percent 
K in the bluegrass at an increasing rate at high rates of 
N or K. Applied P increased the percent K in the plant at 
a decreasing rate as the level of applied P increased. Each 
of the coefficients in the linear terms has a different alge­
braic sign in 1959 from the one it had in 1958. No valid 
cause for this difference can be concluded from the data ob­
tained . 
A t-test comparison between corresponding regression 
coefficients estimated by regression analysis of the percent 
K in the 1958 and 1959 bluegrass clippings is presented in 
table 20. There is a significant difference between the co­
efficients of the linear N term in 1958 and 1959. There is 
also a significant difference between coefficients of the 
2 
P, K and the UK term for the two growing seasons. If the 
difference in effects between the two growing seasons were 
due entirely to residual applications of fertilizer, then 
the coefficients of significant terms in the prediction 
equations should differ in magnitude, but not in algebraic 
sign. An examination of comparable terms in the prediction 
equations indicates that effects are not always consistent 
for each of the growing seasons. This implies that factors 
other than a residual fertilizer effect may be causing some 
of the differences between corresponding regression coeffi­
cients . 
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Table 20. A t-test comparison between corresponding 
regression coefficients estimated by regression 
analysis of the percent K in 1958 and 1959 blue-
grass clippings 
Coefficient Computed 
of t-value 
M1 2.580 * 
P1 1.221 + 
0.489 
N2 0.279 
p2 1.111 
£2 1.266 + 
Vi 1.217 + 
Yield of bluegrass as a function of its chemical composition 
The percent H, P and K was determined in the bluegrass 
clippings from each plot for each of the two growing sea­
sons. As there was an expected plot to plot variation in 
chemical composition between replications, the composition 
associated with each plot yield was used as a treatment var-
iate in determining the relationship between bluegrass yield 
and its chemical composition of N, P and K. This increased 
the number of treatment combinations to 48. Table 21 shows 
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the percent N, P and K and their associated yield for the 
"bluegrass experiment during each growing season. 
The hypothesis of yield as a function of percent compo­
sition leaves no assumption of a significant season to sea­
son variation; therefore, bluegrass yield data for the two 
growing seasons were combined and the regression of yield on 
percentage of N, P and K was computed from the pooled data. 
Table 22 shows the computed regression coefficients and 
their t-values. An P-ratio with one degree of freedom in 
the superscript and n degrees of freedom in the subscript is 
n 
the same as t with n degrees of freedom ( 3 ,  p. 82). There­
fore, a criterion of including as effective terms in a 
regression those effects which have an P-ratio greater than 
unity in the analysis of variance is equivalent to a criter­
ion of retaining as effective terms in a regression those 
terms whose coefficients have t-values greater than unity. 
The same criteria will be used in retaining terms in 
the regression of yield on percent composition as has been 
used in other portions of this study. If either a quadratic 
or a linear term which measures an effect of the same ele­
ment is determined to be "effective" in explaining varia­
tions, then both terms will be retained in the prediction 
equation. When a linear x linear interaction term is deter­
mined to be "effective" in explaining variation, then linear 
i 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
1 
2 
3 
4 
5 
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Treatment number and percent H, P and K and 
associated yields of the bluegrass experiments 
Composition Yield 
Pounds per acre 
2.420 0.236 1.430 1211 
2.170 0.235 1.640 1961 
2.230 0.257 1.540 1782 
2.390 0.293 1.500 1939 
2.820 0.207 1.600 2726 
2.800 0.213 1.730 3847 
2.970 0.260 1.770 3486 
3.010 0.286 1.840 3257 
2.270 0.243 1.520 3556 
1.870 0.260 1.460 1003 
2.870 0.238 1.810 3831 
2.560 0.167 1.420 1451 
2.410 0.273 1.700 2670 
2.480 0.226 1.460 2988 
2.560 0.257 1.730 2641 
1.880 0.182 1.380 819 
2.360 0.201 1.420 1758 
2.210 0.205 1.490 2446 
2.000 0.246 1.460 1488 
2.380 0.256 1.530 2401 
2.970 0.216 1.850 3185 
2.930 0.222 1.720 3302 
2.640 0.255 1.600 3393 
3.110 0.247 1.870 3681 
2.290 0.260 1.650 2873 
1.970 0.260 1.670 1363 
2.830 0.229 1.830 4332 
2.950 0.162 1.660 2134 
2.940 0.281 1.620 2929 
2.710 0.241 1.550 3612 
2.690 0.261 1.720 2716 
1.940 0.166 1.420 784 
2.110 0.200 1.480 2358 
2.110 0.220 1.490 2705 
2.620 0.263 1.480 2353 
2.240 0.252 1.610 2798 
2.670 0.202 1.610 3516 
2.790 0.215 1.770 3380 
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Table 21 (Continued). 
Composition Yield 
Treatment 
number Pounds per acre 
7 2.740 0.250 1.680 3700 
8 3.010 0.278 1.750 4241 
9 2.550 0.206 1.600 3364 
10 1.820 0.239 1.390 2019 
11 3.040 0.252 1.850 4543 
12 2.680 0.152 1.640 2331 
13 2.520 0.265 1.690 2924 
14 2.470 0.212 1.520 3297 
15 2.540 0.248 1.630 3161 
16 1.850 0.165 1.420 1368 
1 2.570 0.288 2.040 1986 
2 2.440 0.312 2.315 2740 
3 2.685 0.367 2.085 2204 
4 2.382 0.355 2.325 3021 
5 3.330 0.274 2.055 3870 
6 3.365 0.275 2.240 4610 
7 3.110 0.329 2.100 3772 
8 3.245 0.343 2.458 4277 
9 3.020 0.329 2.060 3470 
10 2.370 0.343 1.962 1084 
11 3.302 0.314 2.580 5246 
12 3.270 0.196 1.932 2394 
13 2.728 0.377 2.442 3757 
14 2.975 0.316 1.950 3644 
15 2.765 0.330 2.270 3065 
16 2.392 0.208 1.798 1440 
1 2.548 0.298 2.170 2627 
2 2.580 0.281 1.958 2091 
3 2.612 0.343 2.028 2260 
4 2.535 0.327 2.028 2499 
5 3.285 0.271 2.262 4521 
6 3.325 0.295 2.212 4313 
7 3.310 0.353 2.085 4400 
8 3.240 0.325 2.320 4252 
9 2.682 0.325 2.265 3214 
10 2.445 0.340 2.202 1468 
11 3.548 0.330 2.440 5266 
12 3.130 0.195 2.112 3009 
13 2.910 0.348 2.102 3237 
14 3.070 0.313 2.142 3708 
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Table 21 (Continued). 
Composition Yield 
Treatment • 
number $îI $£P Pounds per acre 
15 2.690 0.313 2.348 3232 
16 2.332 0.218 1.995 1456 
1 2.322 0.291 2.182 3009 
2 2.572 0.310 2.120 2663 
5 2.248 0.368 2.405 3596 
4 2.295 0.362 2.265 3388 
5 3.078 0.258 2.190 3990 
6 3.315 0.290 2.255 4375 
7 3.180 0.359 2.298 4147 
8 3.158 0.322 2.235 4505 
9 2.715 0.323 2.305 3744 
10 2.282 0.345 2.195 1989 
11 3.452 0.318 2.405 4897 
12 2.965 0.191 2.092 3068 
13 2.930 0.363 2.212 3396 
14 2.915 0.342 2.170 4098 
15 2.538 0.344 2.468 3980 
16 2.275 0.240 2.110 2150 
and quadratic terms of the elements concerned will also be 
retained in the prediction equation. 
The linear n and p terms were significant at the 0.25 
probability level in explaining variations in the yield of 
bluegrass. The k linear term was significant at the 0.05 
p 
probability level, the p term and the pk interaction term 
explained a significant part of the variation in bluegrass 
yields at the 0.01 probability level. The significant 
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Table 22. Multiple regression statistics for the regression 
of bluegrass yields on its percent S, ? and S 
degression Computed 
Variate coefficient t-value 
V -53 
n 2,246 1.677 + 
P 24,158 1.893 + 
k -7,317 -2.367 * 
n2 -153 -0.289 
P2 -153,802 -4.784 ** 
k2 -519 -0.380 
np -2,720 -0.606 
nk 118 0.120 
pk 34,781 3.272 ** 
aThe regression constant. 
pk interaction makes it impossible to evaluate the p and k 
linear terms independently. 
Terms which did not have a t-value greater than unity 
were considered ineffective in explaining yield variations 
and were not given further consideration. New coefficients 
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were computed after deletion of inappropriate terms and ap­
pear in the following prediction equation. 
Y = -355 + 3268n + 194-90p - 6868k - 256n2 
(20)  
-148158p2 - 324k2 + 31751pk 
This equation has an R2 of 0.7406. 
A 
For this equation Y refers to predicted total yield 
of "bluegrass in pounds per acre, n refers to the percent of 
elemental it, p refers to the percent elemental P and k re­
fers to the percent elemental K. 
Yield of bluegrass on Payette silt loam as a function 
of percent if and percent P at a constant percent K level is 
illustrated in figure 9• As the percent P increases to 
about 0.30 percent P, bluegrass yields increase to a maxi­
mum and yields then decrease as the percent P increases 
beyond 0.30 percent. This is the same level of percent P 
that has been cited by other workers as being the critical 
percentage of P in bluegrass, that percentage above which 
luxury consumption occurs (45). In this case the critical 
percentage for P is not significantly dependent upon percent 
IN level in the bluegrass. Figure 9 shows that bluegrass 
yields increased almost linearly with increases in N concen­
tration within the range of percent ÏÏ illustrated. 
Percent K determined in the bluegrass ranged from a low 
of 1.38 percent to a high of 2.53 percent. A value of 2.53 
Figure 9« Predicted production surface for yield of 
bluegrass as a function of percent N and 
percent P when the percent E is 2.00 
(Fayette silt loam) 
y 
o \ 
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percent does not appear to be excessively high; however, 
prediction equation 20 indicates that the linear and quad­
ratic effect of increasing the K percentage is to decrease 
total yields. Kentucky bluegrass has been cited as being 
more efficient in K utilization than several other grasses 
tested so the critical percentage of 1L in bluegrass may 
occur at a relatively low concentration (18). 
The majority of the bluegrass percentages of N and K 
obtained were in a relatively narrow range and it was not 
possible to determine critical percentages for all of the 
elements. In order that these values can be determined, 
future experiments should begin on lower fertility soils 
and extend the range of fertilizer treatments beyond those 
used in this study. 
Bromegrass Experiments 
Two bromegrass experiments were initiated in 1959• One 
experiment was located on the Grundy-Shelby (G-S) Experimen­
tal Farm and a second was located on the Seymour-Shelby (SS) 
Experimental Farm. These experiments were located approxi­
mately 70 miles apart in south central Iowa and the soil 
type at each location was a Shelby silt loam. During the 
1959 growing season total rainfall was about 8 inches 
greater at the GrS location with most of the difference oc­
curring during the month of August. 
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Effect of applied P and K upon yields 
of bromegrass in 1959 
The treatment rates and combinations and the associated 
yields at each of the locations in 1959 are presented in 
table 23. Observation of the data from the G-S location in­
dicates that there was a positive yield response to applied 
N and P, but the effect of applied K upon yield was variable. 
At the SS location there was a positive response to applied 
IT, little or no apparent response to P and the effect of K 
upon yield was negative. 
Each of these experiments was analyzed separately to 
determine the effects of the applied nutrients upon brome-
grass yields at each location. The experiments were then 
combined into one general prediction equation. 
1959 G3 experiment An analysis of variance of 1959 
brome grass yields from the G-S location is presented in 
table 24. The linear effect of applied U explained a larger 
part of the yield variation than any other factor tested. 
The quadratic effect of applied N was significant at the 
0.05 probability level. The P^K^ interaction was the only 
significant interaction effect. The significance of the 
P^i term precludes the deletion of P and K linear and quad­
ratic terms from the prediction equation even though none of 
these effects had P-ratios greater than unity. 
The following prediction equation contains appropriate 
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Table 23. Treatment number, fertilizer rates and combina­
tions and associated bromegrass yields at the 
G-S and SS locations in 1959 on Shelby silt loam 
_ Fertilizer rates8, Bromegrass yieldb 
Treatment 
number H P K SS G-S 
1 80 26 33 5128 4380 
2 80 26 66 3998 4049 
3 80 52 33 4833 4656 
4 80 52 66 4295 4841 
5 160 26 33 5344 4740 
6 160 26 66 4855 4973 
7 160 52 33 4995 5558 
8 160 52 66 4860 5386 
9 120 39 50 4831 4513 
10 40 39 50 4867 4011 
11 200 39 50 4901 5392 
12 120 13 50 4404 4599 
13 120 65 50 4940 4918 
14 120 39 17 5388 5148 
15 120 39 83 4389 4980 
16 0 0 0 3720 3175 
17 0 0 100 3146 3248 
18 0 78 0 4120 3324 
19 0 78 100 3292 3319 
20 240 0 0 5642 5882 
21 240 0 100 5415 5749 
22 240 78 0 5793 5183 
23 240 78 100 5897 6144 
aBates of N, P and K in pounds per acre. 
^Bromegrass yields are expressed in pounds per acre 
at 8 percent moisture. 
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Table 24. Analysis of variance of 1959 bromegrass yields 
from the G-rundy-Shelby location 
Source of Degrees of Sum of Mean 
variation freedom squares square F 
Treatment 22 16,209,673 
Linear 3 14,197,135 4,732,378 52.96** 
1 14,057,458 14,057,458 157.31** 
1 81,740 81,740 0.91 
K1 1 57,937 57,937 0.65 
Quadratic 3 612,916 204,305 2.29 
N 
q 1 514,219 514,219 5.75* 
** 
1 13,619 13,619 0.15 
1 85,078 85,078 0.95 
Interaction 3 237,936 79,312 0.89 
Vi 1 31,754 31,754 0.36 
"A 1 75,466 75,466 0.84 
P1K1 1 130,716 130,716 1.46 + 
Regression 9 15,047,987 1,671,999 18.71** 
Residual 13 1,161,686 89,360 
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terms for predicting "bromegrass yields at the GS location. 
A 
Y = 3269.4080 +17.0962N + 14.3168P - 16.6426K 
P 2 2 (21) 
- 0.0296N - 0.1937? + 0.1570K + 0.0649ÎK 
2 
This equation has an H of 0.9217. 
A 
In this equation Y refers to the predicted total "brome­
grass yield in pounds per acre. The N variate refers to 
pounds of elemental ÎT per acre, P refers to pounds of ele­
mental P per acre and K refers to pounds of elemental K per 
acre. 
1959 SS experiment An analysis of variance of 
bromegrass yields in 1959 from the SS location is presented 
in table 25. Again, the linear effect of applied F was the 
most significant factor in explaining yield variations. The 
linear effect of P had an P-ratio greater than unity and the 
linear effect of K explained a significant portion of the 
yield variation at the 0.05 probability level. Hone of the 
quadratic terms had F-ratios greater than unity. The IT^K^ 
interaction was significant at the 0.25 probability level. 
The following prediction equation contains the appro­
priate terms for predicting bromegrass yields at the SS 
location. 
Y = 4027.8770 + 4.809OF + 23.3836P - 13.55822 
9 2 P (22) 
+ 0.0063^ - 0.2504? + 0.0405K + 0.0288M! 
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Table 25. Analysis of variance of 1959 bromegrass yields 
from the Seymour-Shelby location 
Source of Degrees of 
variation freedom 
Sum of 
squares 
Mean 
square F 
Treatment 22 11,890,560 
linear 3 9,553,547 3,184,516 22.10 ** 
"i 1 8,453,610 8,453,610 58.66 ** 
pi 1 206,899 206,899 1.44 
Ei 1 893,038 893,038 6.20 * 
Quadratic 3 218,816 72,939 0.51 
\ 1 91,060 91.060 0.63 
125,606 125,606 0.87 
\ 1 2,150 2,150 0.01 
Interaction 3 244,676 81,559 0.57 
•A 1 291 291 0.002 
"A 1 240,290 240,290 1.67 f 
pA i 4,095 4,095 0.03 
Regression 9 10,017,099 1,113,011 7.72** 
Residual 13 1,873,461 144,112 
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This equation has an B2 of 0.8417. 
There was some difference in significance and magnitude 
of effects at each location, but effects were similar in 
that there was a positive yield response to applied K and P 
and a negative linear response to applied K at each location. 
The differences in yields between locations may be due to 
factors other than fertilizer applications so a location ef­
fect with one degree of freedom is included in the analysis 
of variance of the combined experiments. 
An analysis of variance of the regression of bromegrass 
yields from the combined experiments is presented in table 
26. The location effect did not account for a significant 
portion of the variation in yield of the pooled data. The 
linear effect of applied N accounted for the largest portion 
of the variation in yield and was significant at the 0.01 
probability level. Each of the P^ and effects explained 
a significant part of the variation in yield at the 0.25 
level of probability. The quadratic effect of applied N 
explained a significant part of the variations in yield at 
the 0.05 probability level. The N K term was the only sig­
nificant interaction term. 
The following prediction equation contains the appro­
priate terms for predicting bromegrass yields on Shelby silt 
loam. 
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Table 26. Analysis of variance of 1959 bromegrass yields 
from the Grundy-Shelby and Seymour-Shelby 
locations 
Source of Degrees of Sum of 
variation freedom squares 
Mean 
square 
Treatment 4-5 
Location 
Linear 
*1 
P1 
Kn 
1 
3 
1 
1 
1 
28,152,596 
52,363 
22,679,139 
22,156,739 
274,364 
248,036 
52,363 0.58 
7,559,713 84.24 ** 
22,156,739" 246.91 ** 
274,364 3.06 + 
248,036 2 .76  +  
Quadratic 
\ 
K 
1 
1 
1 
722,456 
574,029 
24,631 
73,058 
240,819 
574,029 
24,631 
73,058 
2.68 t 
6.40 * 
0.27 
0.81 
Interaction 
Vi 
•A 
hh 
Regression 10 
1 
1 
1 
405,855 
25,964 
292,540 
87,351 
25,011,802 
135,285 
25,964 
292,540 
87,351 
1.51 4-
0.29 
3 . 2 6  4  
0.97 
2,501,180 27.87 ** 
Residual 35 3,140,794 89,736 
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Y = 3648.6425 + 10.9526# + 18.8502? - 15.1004K 
? ? 9 (25) 
- 0.0117N - 0.2220P + 0.0987KT + 0.0225M 
This equation has an &2 of 0.8416. 
Bromegrass yields as a function of applied H and K and 
bromegrass yields as a function of applied F and P are 
illustrated in figures 10 and 11. A vertical plane through 
the N-K surface perpendicular to the E axis shows the effect 
of applied K on the yield of bromegrass (figure 10) and, 
similarly, a vertical plane through the H-P surface perpen­
dicular to the E axis shows the effect of applied P on the 
yield of bromegrass. In the absence of applied U, applied 
K up to a rate of approximately 75 pounds per acre decreased 
yields of bromegrass. At rates of applied K greater than 75 
pounds per acre, bromegrass yields increased with an in­
crease in the rate of applied £. The positive effect of the 
interaction is illustrated by a vertical plane through 
the H-K surface perpendicular with the H axis at the 240 
pound per acre rate of applied N. At this level of applied 
N, £ decreased yields up to a rate of about 40 pounds per 
acre and then yields increased for each increase in applied 
K beyond the 40 pounds per acre rate. 
A vertical plane through the N-P surface perpendicular 
to the U axis shows that yields increase when the level of 
applied P increases up to a maximum yield at about 40 pounds-
per acre of applied P. At levels of applied P greater than 
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Figure 11. Predicted production surface for yield of 
bromegrass in 1959 on Shelby silt loam as 
a function of applied N and P when applied 
K is 0 pounds per acre 
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40 pounds per acre, yields are decreased. As there was no 
significant interaction with P, this relationship is valid 
at all levels of applied U and K in this experiment. 
A diminishing yield response as the level of applied IT 
increases is illustrated "by the decreasing distances between 
the horizontal curved lines on the surfaces. These lines 
become closer together as the rate of applied K required for 
the maximum yield is approached. Since the N level required 
for the maximum yield is beyond the IT rates used in these 
experiments, it is not illustrated in the figures. 
Economic analyses One objective of this study was 
to determine minimum cost fertilizer combinations. Applied 
K decreased bromegrass yields within a wide range of the K 
levels of the bromegrass experiments, so it is logical to 
conclude that the minimum cost concept of applied fertilizer 
would not include K applications under these conditions. 
Therefore, the K terms reduce to zero and the prediction 
equation then becomes, 
Y = 3648.6425 + 10.9526% + 18.8502P 
2 2 (24) 
- 0.0X1711 - 0.2220P . 
Within the range of the IT and P variables used in the 
bromegrass experiments there are many possible N and P com­
binations that can be used to obtain a specified yield. 
This relationship is true for all predicted yield levels 
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less than the maximum yield, but for the maximum yield there 
is only one IT and P combination that can be used. The U and 
P requirement for the maximum yield can be obtained from 
A 
equation 24- by taking the partial derivative of Y with 
respect to U to obtain equation 25 and the partial dériva-
A 
tive of Y with respect to P to obtain equation 26. 
8Y/BN = 10.9526 - 0.0234-ÎT (25) 
BY/BP = 18.8502 - 0.4440P (26) 
Equating of each of these derivatives to zero and 
solving for IT and for P results in numerical values of 4-68.1 
for U and 4-2.5 for P. Substitution of these values as 
pounds per acre of IT and P respectively in equation 24- re­
sults in a maximum predicted yield of 6612 pounds of brome­
grass per acre. 
The selection of an IT and P combination for a specified 
level of bromegrass production less than maximum production 
per acre, from a practical standpoint, should be the nutri­
ent combination which results in bromegrass production at 
the lowest cost. The least cost fertilizer combination can 
be determined from the intersection of isoquants, lines con­
necting points of equal yield, and isoclines, lines which 
connect points of the same slope on successive isoquants. 
The general bromegrass isoquant equation 27 was de­
rived from bromegrass prediction equation 24- by solving for 
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P as a function of E and Y. 
P = 42.4554 + ^595.52.45 - 0.01045% + 9-7259H - 0.8880?" 
0.4440 (27) 
Isoquants, isoclines and ridgelines, lines with zero 
substitution ratios are illustrated in figure 12. The iso-
quant curves were computed from equation 27. These isoquant 
curves show that various combinations of IT and P can be used 
to produce either 5000, 5500, 6000 or 6500 pounds of brome­
grass per acre. The slopes of the isoquants indicate the 
amount of P required to maintain a specified yield as the 
amount of Ii is varied. As the yield level approaches the 
point of maximum yield, the range of IT and P combinations 
which can be used to maintain a specified yield decreases 
and larger amounts of both U and P are required. 
Isoclines can be computed from the same production 
function as the isoquants and are related to isoquants by 
their definition as lines which connect points of the same 
slope on successive isoquants. The general isocline equa­
tion from which the isoclines of figure 12 were computed was 
derived from bromegrass prediction equation 24 by consider­
ing it an implicit function of IT and P. Isocline equation 
28 was computed by taking the derivative of P with respect 
to IT and equating this derivative to the negative ratio of 
the price of H to the price of P,. The equation was then 
Figure 12. Bromegrass isoquants, isoclines and dotted 
ridgelines on Shelby silt loam for specified 
E and P combinations and price ratios, 
Pu/Pp (Dashed lines are limits of the 
observations.) 
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solved for P as a function of 5" and the price ratio. 
P = 42.4554 + 0.0527# 
oC 
24.6680 
oC 
(28) 
The isoclines of figure 12 for specified price ratios 
were computed from equation 28. When the price of H de­
clines relative to the price of P more N should be used to 
obtain a given yield and, conversely, as the price of P de­
clines relative to the price of N, a higher proportion of P 
should be used in the N and P combination required to obtain 
a specific yield. 
The points of intersection of isoquants and isoclines 
in figure 12 represent the least cost combination of U and 
P required to obtain the bromegrass yield on a specific iso-
quant. For the 6000 pounds per acre level of bromegrass 
production and a 2^/îp ratio of 0.25 the least cost combina­
tion of U and P is 300 pounds per acre of N and 7 pounds per 
acre of P. If the fertilizer price ratio changes from 0.25 
to 1.00 and the level of bromegrass production is maintained 
at 6000 pounds per acre, then the least cost combination of 
N and P is 244 pounds per acre of N and 32 pounds per acre 
of P. Analogous solutions exist for other price ratios and 
levels of bromegrass production. 
The dotted lines in figure 12 represent ridgelines 
which are the economic limits of the isoclines. The 
Ill 
ridgelines are isoclines with zero substitution rates. If 
P could be obtained without cost, bromegrass production 
would expand along the horizontal ridgeline as a function 
of the cost of S. Similarly, if H could be obtained without 
cost, bromegrass production would expand along the vertical 
ridgeline as a function of the cost of applied P. 
The quadratic form of a response curve for a single 
element which shows decreasing returns to scale is of the 
form 
Y = mQ + m1 D - m^D2 (29) 
Y represents the dependent variable and D represents 
the independent variable. The parameters m^, m^ and m^ 
represent the regression constant, the coefficient of the 
linear variate and the coefficient of the squared variate, 
respectively. 
The optimum level of input of D can be determined by 
equating the marginal physical product, dY/dD , of equation 
29 to the ratio of the price of D to the price of Y, 
Pj/Py, (30). Upon rearranging terms this equation can be 
expressed 
Pï - mi <30) 
Equation 30 shows that more inputs of D can be used as 
Py increases. If inputs of D are zero, the D term becomes 
zero in the denominator of equation 30 and the : mi 
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ratio indicates the price of Y which must be exceeded before 
it is profitable to use inputs of D. 
For a multiple regression equation with many nutrient 
variables and their interactions, this method of evaluation 
will determine whether it is profitable to use any particu­
lar input of a single nutrient at specified levels of the 
remaining variables. 
The price of bromegrass at which it becomes profitable 
to fertilize with IT was determined by equating the coeffi­
cient of the H variate in prediction equation 24 to the 
ratio of the price of N to the price of Y, Pjj/Py » &&& solv­
ing for Py to obtain equation 31. 
PY = 10.9526 
Similarly, the price of bromegrass at which it becomes 
profitable to fertilize with P was determined by equating 
the coefficient of the P variate in prediction equation 24 
to the ratio of the price of P to the price of Y, Pp/Ey , 
and solving for Py to obtain equation 32. 
PP 
PY ~ 18.8502 
Substitution of $0.14 per pound for the price of IT in 
equation 31 and $0.21 per pound for the price of P in equa­
tion 32 results in a price of $25.56 per ton which must be 
exceeded before it is profitable to fertilize with IT and a 
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price of $22.28 per ton which must be exceeded before it is 
profitable to fertilize with P. 
The previously cited conversion factor of 20 pounds of 
forage as being equivalent to 1 pound of beef was used to 
determine a beef production function from data obtained in 
the bromegrass fertility experiments. The following predic­
tion equation was computed to predict beef production, B, 
as a function of applied H, P and K on Shelby silt loam. 
B = 182.4321 + 0.547619" + 0.9425P - 0.7550K . , 
2 2 2 
- o.oooeir - o.onur + 0.0049$^  + 0.0011m 
Again, a minimum cost concept of applied fertilizer 
would not include E applications since applied E decreased 
yields within the range of E treatments in this experiment 
so the E terms become zero in the economic analyses. 
Similar analyses can be applied to the beef production 
equation as were applied to the bromegrass production equa­
tion. There are many combinations of H and P that can be 
used for a specified level of beef production less than the 
maximum; however, there is only one possible combination of 
N and P from which the maximum level of production can be 
obtained. 
The H and P combination required for the maximum level 
of beef production was determined from equation 33. The 
partial derivative of B was taken with respect to N to 
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obtain equation 34 and with, respect to P to obtain equation 
35. 
ôB/ôU = 0.5476 - 0.0012ÎT (34) 
83/BP = 0.9425 - 0.0222P (35) 
Bach of these derivatives was equated to zero and 
solved for U and P and a value of 456.31 was obtained for 
H and a value of 42.5 was obtained for P. Substitution of 
these values as pounds per acre of N and P, respectively, 
into equation 33 resulted in a maximum beef production of 
331 pounds per acre. 
For levels of beef production less than the maximum 
level, it becomes important to select the least cost combi­
nation of H and P. The least cost combination of 5 and P 
for beef production can be determined from the intersection 
of isoquants and isoclines derived from the beef production 
prediction equation and specified N and P price ratios. 
Beef production isoquants, isoclines and ridgelines are 
illustrated in figure 13. The beef production isoquants are 
another phase of the beef production equation and can be de­
rived from it. The general isoquant equation 36 was derived 
^Discrepancies between the H and P required for maximum 
beef production and the N and P required for maximum brome­
grass production are due to rounding errors in converting 
pounds of forage to pounds of beef. 
Figure 13• Beef production isoquants, isoclines and 
dotted ridgelines on Shelby silt loam for 
specified N and P combinations and price 
ratios, Pjj/Pp (Bashed lines are limits of 
the observations.) 
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from beef prediction equation 33 by solving for P as a 
A 
function of 5 and B. 
P = 42.4554 + (8.988291 - 0.000027N2 ^6) 
+ 0.024313H - 0.044400B)1/2 y 0.0222 
The isoquant curves of figure 13 were computed from 
equation 36. These curves show that various combinations 
of H and P can be used to produce the equivalent of 255, 
285, 305 and 325 pounds of beef per acre. As the isoquants 
approach the value of the maximum level of production, the 
range of H and P combinations for a given isoquant is nar­
rowed. The slopes of the isoquants indicate the amount of 
P required to maintain a given level of beef production when 
the rate of applied N is varied. 
The isoclines of figure 13 were computed from the same 
prediction equation as the isoquants. The prediction equa­
tion was considered an implicit function of N and P and the 
partial derivative of P was taken with respect to N and 
equated to the negative ratio of the price of U to the price 
of P, cxl . This equation was then solved for P as a function 
of N and the price ratio,oC, to obtain equation 37. 
? = 0.9425 + Q,Q^12IT - °'^76 (37) 
117 
The isoclines in figure 13 were computed for specified 
H and P price ratios and levels of applied If. When the 
price of N declines relative to the price of P, then more If 
should be used to obtain a given level of beef production 
and, conversely, when the price of P declines relative to 
the price of ET, then more P should be used to obtain a given 
level of beef production. 
The intersection of isoquants and isoclines in figure 
13 represent the least cost combination of H and P required 
for a given level of beef production. For the 305 pounds 
per acre level of beef production and an N:P price ratio of 
0.25, the least cost combination of If and P would be 320 
pounds per acre of If and 10.5 pounds per acre of P. If the 
level of production remains constant, but the U:P price ra­
tio changes to 1.00, the least cost combination would be 272 
pounds per acre of N and 31.5 pounds per acre of P. Similar 
analyses are possible for other levels of production and 
nutrient price ratios. 
The dotted lines in figure 13 are ridgelines which are 
the limits of the isoclines or lines representing zero sub­
stitution rates. If P could be obtained without cost, expan­
sion of beef production would proceed along the horizontal 
ridgeline as a function of the cost of If. If If could be ob­
tained without cost, then beef production would expand along 
the vertical ridgeline as a function of the cost of P. 
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The price of beef at which it becomes profitable to 
fertilize bromegrass with E was determined by equating the 
coefficient of the H variate in prediction equation 33 to 
the ratio of the price of U to the price of beef, » 
and solving for P^ to obtain equation 38. 
% 
B 
~ 0.5476 (58) 
Similarly, the price of beef at which it becomes pro­
fitable to fertilize bromegrass with P was determined by 
equating the coefficient of the P variate in prediction 
equation 33 to the ratio of the price of P to the price of 
beef, Pp/Pg , and solving for P-g to obtain equation 39. 
PP P  ( 3 9 )  
0.9425 
Substitution of SO.14 per pound for the price of E in 
equation 38 and $0.21 per pound for the price of P in equa­
tion 39 results in a price of $0.256 per pound for beef 
which must be exceeded before it is profitable to fertilize 
bromegrass that is to be used for beef production with IT and 
a price of $0.223 per pound of beef which must be exceeded 
before it is profitable to fertilize bromegrass that is to 
be used for beef production with P. 
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Effect of I960 applied E, P and g plus the residual 
effect of 1959 applied fertilizer upon bromegrass 
yields in 1950 B 
The same rates and combinations of N, P and K were ap­
plied on the bromegrass experimental plots at each location 
in I960 as were applied in 1959• Total treatment effect 
upon I960 yields includes a possible residual effect of 1959 
fertilizer applications, therefore, differences between 
corresponding regression coefficients in prediction equations 
for each year may be due to a residual fertilizer effect. 
The fertilizer rates and combinations with their associated 
yields from the G-S and SS locations are presented in table 
27. 
Observation of the data indicates that there was a 
yield response to applied N at each location and there was 
a small but consistent response to applied P at each loca­
tion. There was a negative response to applied K at moder­
ate rates of applied E, but there was a small positive 
response to K at high rates of applied N. 
I960 G-S experiment An analysis of variance of 
bromegrass yields in I960 from the G-S location is presented 
in table 28. The linear effect of 11 was again the most sig­
nificant factor explaining variations in yield but the lin­
ear effect of applied P also explained a significant portion 
of the yield variations at the 0.01 probability level. The 
quadratic effect, H1P1 effect and N^l effect were each 
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Table 27. Fertilizer rates and combinations and associated 
bromegrass yields at the Grundy-Shelby and 
Seymour-Shelby locations in I960 on Shelby silt 
loam 
Fertilizer rates5, Bromegrass yield^ 
N P K ss GS 
80 26 33 4662 4818 
80 26 66 4762 4583 
80 52 33 4939 4947 
80 52 66 5084 4381 
160 26 33 5967 5495 
160 26 66 5598 5432 
160 52 33 6113 5439 
160 52 66 6033 5483 
120 39 50 5420 5152 
40 39 50 3995 4269 
200 39 50 7016 5435 
120 13 50 5104 5103 
120 65 50 5685 5236 
120 39 17 5598 5276 
120 39 83 5231 4319 
0 0 0 3584 3152 
0 0 100 3266 3128 
0 78 0 3909 3840 
0 78 100 3289 2706 
240 0 0 6515 5674 
240 0 100 6584 4751 
240 78 0 6789 6099 
240 78 100 7755 6956 
^Rates of U, P and K in pounds per acre. 
^Bromegrass yields are expressed in pounds per acre 
at 8 percent moisture. 
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Table 28. Analysis of variance of I960 bromegrass yields 
from the Grundy-Shelby location 
Source of Degrees of Sum of Mean 
variation freedom squares square 
Treatment 22 31,934-, 239 
Linear 3 30,344,260 10,114,753 142.48 ** 
1 29,661,966 29,661,966 417.82 ** 
Px 1 677,526 677,526 9-54 
K, 1 4,768 4,768 0.07 
** 
Quadratic 3 225,883 75,294 1.06 
N 1 173,128 173,128 2.44 + 
P 1 40,108 40,108 0.56 
E 1 12,647 12,647 0.18 
Interaction 3 641,191 213,730 3.01 f 
H1P1 1 148,007 148,007 2.08 f 
N 1 443,846 443,846 6.25 * 
P1K1 1 49,337 49,337 0.69 
Regression 9 31,011,334 3,445,704 48.54 ** 
Residual 13 922,905 70,993 
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significant at the 0.25 probability level. 
I960 SS experiment An analysis of variance of 
bromegrass yields in I960 from the SS location is presented 
in table 29. The linear effect of each of the applied ele­
ments explained a significant portion of the variations in 
yield and, again, the effect was the most significant 
factor in explaining variations in yield. The If and P quad­
ratic terms were each significant at 0.25 and 0.05 probabil­
ity levels and the H^P^ interaction effect was significant 
at the 0.05 probability level. 
The bromegrass yield data from each location were 
pooled and analyzed to determine what effects should be re­
tained in a bromegrass prediction equation for I960. To 
determine the significance of variations due to differences 
in location, a location effect with one degree of freedom 
was included in the analysis of variance. 
The analysis of variance of the pooled data from the 
two experimental locations is presented in table 30. The 
linear effect of each of the applied elements explained a 
significant portion of the yield variations. The effect 
was significant at the 0.01 probability level and the 
effect was significant at the 0.25 probability level. The 
If^P^ and effects each tested statistically significant 
and the P^K^ term had an F-ratio greater than unity. The 
location effect was not significant so it is concluded that 
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Table 29. Analysis of variance of I960 bromegrass yields 
from the Seymour-Shelby location 
Source of Degrees of Sum of Mean 
variation freedom squares square 
Treatment 22 21,400,144 
Linear 3 17,269,046 5,756,349 41.88 ** 
1 15,907,389 15,907,389 115.72 ** 
Px 1 895,436 895,436 6.51 * 
Kn 1 466,221 466,221 3.39 t 
Quadratic 3 1,426,654 475,551 3.46 * 
H 1 270,650 270,650 1.97 + 
P^ 1 1,004,443 1,004,443 7.31 * 
E 1 151,561 151,561 1.10 
Interaction 3 917,414 305,805 2.22 + 
N1P1 1 694,384 694,384 5.05 * 
H1K1 1 171,618 171,618 1.25 
P]_K1 1 51,411 51,411 0.37 
Regression 9 19,613,114 2,179,235 15.85 ** 
Residual 13 1,787,030 137,464 
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ïable 30. Analysis of variance of "bromegrass yields in 
I960 from the Grundy-Shelby and Seymour-Shelby 
locations 
Source of Degrees of Sum of Mean 
variation freedom squares square F 
1 
1 
1 
Treatment 4-5 
Location 1 
Linear 5 
Ni 
pi 
Quadratic 3 
P q. 
Interaction 3 
Vi 1 
Vi 1 
PA 1 
Regression 10 
1 
1 
1 
53,413,999 
59,616 
46,354,677 
44,506,658 
1,565,379 
282,640 
1,318,184 
1,190,857 
4,397 
122,930 
1,426,243 
741,780 
583,725 
100,738 
59,616 0.71 
15,451,559 183.72 ** 
44,506,658 529.17 ** 
1,565,379 18.61 ** 
282,640 3.36 + 
439,395 
1,190,857 
4,397 
122,930 
475,414 
741,780 
583,725 
100,738 
5.22 ** 
14.16 ** 
0.05 
1.46 + 
5.65 ** 
8.82 ** 
6.94 * 
1.28 
50,470,272 5,047,027 60.01 ** 
Residual 35 2,943,727 84,106 
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there was 110 significant difference in average yields between 
the two locations. 
The following bromegrass prediction equation contains 
the appropriate terms for predicting yields of bromegrass . 
in I960: 
Y = 3585.3892 + 11.7659# - 4.24572 + 4.9215K 
- 0.0107K2 + 0.0508P2 - 0.1278K2 + 0.0454EP (40) 
+ 0.0318NK + 0.0403PK, 
where variates are pounds per acre applied in each of two 
years. This equation has an R2 of 0.9192. 
A comparison of corresponding regression coefficients 
estimated by regression analysis of 1959 and I960 yields of 
bromegrass was made to determine if there were significant 
differences between effects for the two growing seasons 
(table 31). The N term had a significantly greater positive 
effect upon bromegrass yields in I960 than in 1959. This 
was probably due to a residual effect of 1959 applied U as 
the 1959 data indicate the further increases in yield could 
have been obtained if more N had been applied. The reason 
for a change in the linear effect of P on bromegrass yield 
from positive to negative and the cause of a significant dif-
2 ference between the coefficients of £ and between the co­
efficients of UP may be due to the residual effect of 1959 
applied nutrients. 
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Table 31. A t-test comparison between corresponding 
regression coefficients estimated by-
regression analysis of the 1959 and I960 
yields of bromegrass 
Coefficient Computed 
of t-value 
IT 4.701 ** 
P 1.741 4-
K 0.080 
U2 0.037 
P2 0.684 
K2 1.167 I 
HP 2.608 * 
UK 0.534 
PK 0.065 
Effect of applied IT, P and K upon the chemical 
composition of bromegrass 
Tables 32 and 33 present the treatment rates and combi­
nations of applied N, P and K with their associated percent­
ages of IT, P and K in bromegrass from each location in 1959 
and I960. Increasing the rate of applied IT or P, increases 
the percent U or P in the bromegrass at each location. An 
increase in the rate of applied K had a small positive 
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Table 32. Percent U, P and K and associated fertilizer 
rates and combinations of the Grundy-Shelby 
and Seymour-Shelby bromegrass experiments in 
1959 
Fertilizer Bromegrass composition 
rates8, 
G-S SS 
If P K &N foF fiN 'foB 
80 26 33 2.62 0.388 2.89 2.94 0.362 2.61 
80 26 66 2.51 0.352 2.79 2.80 0.295 2.44 
80 52 33 2.61 0.402 2.87 2.89 0.367 2.58 
80 52 66 2.58 0.399 2.84 2.63 0.346 2.52 
160 26 33 2.86 0.384 3.04 2.87 0.280 2.56 
160 26 66 2.88 0.373 2.94 2.90 0.307 2.65 
160 52 33 2.77 0.412 2.96 2.96 0.353 2.56 
160 52 66 2.62 0.401 3.04 2.98 0.345 2.68 
120 39 50 2.76 0.380 2.92 2.77 0.318 2.54 
40 39 50 2.52 0.383 2.78 2.85 0.356 2.55 
200 39 50 2.98 0.412 3.21 2.93 0.304 2.47 
120 13 50 2.71 0.332 2.79 2.99 0.262 2.57 
120 65 50 2.69 0.407 2.94 2.98 0.384 2.64 
120 39 17 2.69 0.389 2.85 3.07 0.342 2.53 
120 39 83 2.62 0.388 3.01 2.77 0.324 2.56 
0 0 0 2.48 0.333 2.59 2.79 0.283 2.46 
0 0 100 2.44 0.347 2.68 2.55 0.256 2.44 
0 78 0 2.44 0.401 2.66 2.66 0.367 2.50 
0 78 100 2.38 0.380 2.67 2.61 0.346 2.45 
240 0 0 3.03 0.333 2.98 3.46 0.244 2.54 
240 0 100 2.96 0.324 2.98 3.00 0.230 2.44 
240 78 0 3.03 0.433 2.96 3.23 0.391 2.60 
240 78 100 3.01 0.433 3.18 3.20 0.383 2.89 
aHates of N, P and K in pounds per acre. 
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Table 33. Percent H, P and K and associated fertilizer 
rates and combinations of the Grundy-Shelby 
and Seymour-Shelby bromegrass experiments in 
I960 
Fertilizer Bromegrass composition 
rate s a GS SS 
ir P K $JS #P foS #P 5&K 
80 26 33 2.38 0.371 2.94 2.32 0.348 2.27 
80 26 66 2.47 0.344 2.98 2.53 0.315 2.46 
80 52 33 2.35 0.406 2.80 2.46 0.384 2.30 
80 52 66 2.48 0.407 2.85 2.30 0.351 2.36 
160 26 33 2.51 0.368 3.02 2.45 0.296 2.13 
160 26 66 2.69 0.346 3.00 2.52 0.300 2.37 
160 52 33 2.66 0.408 3.01 2.39 0.369 2.23 
160 52 66 2.56 0.390 3.06 2.35 0.349 2.34 
120 39 50 2.52 0.377 2.97 2.49 0.338 2.18 
40 39 50 2.37 0.385 2.96 2.09 0.345 2.37 
200 39 50 2.79 0.389 3.08 2.56 0.339 2.10 
120 13 50 2.58 0.324 2.85 2.39 0.260 2.36 
120 65 50 2.37 0.403 3.06 2.36 0.388 2.46 
120 39 17 2.42 0.405 2.84 2.38 0.346 2.32 
120 39 83 2.42 0.389 2.99 2.48 0.334 2.38 
0 0 0 2.32 0.311 2.68 2.17 0.254 2.11 
0 0 100 2.28 0.306 2.65 2.02 0.225 2.20 
0 78 0 2.26 0.411 2.69 2.23 0.358 2.25 
0 78 100 2.30 0.370 2.75 2.31 0.324 2.40 
240 0 0 2.96 0.261 2.91 2.94 0.191 2.13 
240 0 100 2.94 0.277 3.02 2.76 0.181 2.44 
240 78 0 3.01 0.410 2.90 2.78 0.389 1.94 
240 78 100 2.91 0.405 3.08 2.63 0.375 2.52 
^Rates of N, P and X in pounds per acre. 
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effect upon the percent K in the "bromegrass. 
Effect of applied N, P and K upon the percent H in 
"bromegrass in 1959 An analysis of variance of the per­
cent N in the 1959 yield of "bromegrass from the SS location 
is presented in table 34. The largest part of the variation 
of the percent N in bromegrass was accounted for by the 
three linear degrees of freedom in the analysis of variance. 
The linear effect of N and E were significant in explaining 
variation in the percent N in bromegrass, but the linear P 
effect accounted for a very insignificant portion of the 
variation in percent IT. The effect was significant at 
the 0.25 probability level and was the only significant 
quadratic effect. The P^K^ interaction tested significant 
at the 0.25 probability level and was the only significant 
interaction effect. 
The following prediction equation contains the appro­
priate terms for predicting the percent U, n, in yields of 
bromegrass from the SS location. 
n =[2882.2000 + 3-4024% - 9-4038P - 3.4952E (4-1) 
- 0.0053N2 + 0.0016P2 - 0.0024K2 + 0.0384PE]x 10~5 
This equation has an R2 of 0.8507. 
An analysis of variance of the percent N in bromegrass 
in 1959 from the GS location is presented in table 35- The 
linear component of the sums of squares accounted for the 
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Table 34. Analysis of variance of the percent IT in 1959 
yields of bromegrass from the Seymour-Shelby 
location 
Source of Degrees of Sum of 
variation freedom squares 
Mean 
square F 
Treatment 
Linear 
"i 
pi 
Ki 
Quadratic 
\ 
P q. 
K 
22 
1 
1 
1 
1 
1 
1 
9,725.10 
7,551.73 
6,330.77 
13.29 
1,207.67 
265.54 
166.15 
92.28 
7.11 
2,517.24 
6,330.77 
13.69 
1,207.67 
88.51 
166.15 
92.28 
7.11 
23.20 ** 
58.36 ** 
0.13 
11.13 ** 
0.82 
1.53 + 
0.85 
0.07 
Interaction 
Vi 
¥i 
% 
Regression 
Residual 
1 
1 
1 
13 
497.61 
11.28 
30.22 
456.11 
8,314.88 
1,410.22 
165.87 
11.28 
30.22 
456.11 
923.88 
108.48 
1.53 
0.10 
0 .28  
4.20 4-
8 . 5 2  ** 
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Table 35. Analysis of variance of the percent N in 1959 
yields of bromegrass from the Grundy-Shelby 
location 
Source of Degrees of Sum of Mean 
variation freedom squares square 
Treatment 22 9,186.62 
Linear 3 8,510.57 2,836.86 71.30 ** 
1 8,373.21 8,373.21 210.46 ** 
P-L 1 29-56 29.56 0.74 
Kn 1 107.80 107.80 2.71 t 
Quadratic 3 144.35 48.12 1.21 
1 73.47 73.47 1.85 + 
P^ 1 17.22 17.22 0.43 
K 1 53.66 53.66 1.35 
Interaction 3 14.49 4.83 0.12 
U1P1 1 13.70 13.70 0.34 
KjK 1  0.23 0 .23 0 .01 
P1K1 1 0.56 0.56 0.01 
Regression 9 8,669.41 963.27 24.21 ** 
Residual 13 517.22 39-79 
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largest proportion of the variation of the percent # in 
bromegrass. The linear effect of applied N was the most 
significant effect at the 0.01 probability level and the 
effect was significant at the 0.25 probability level. The 
effect was the only significant quadratic component and 
none of the interaction effects were significant in account­
ing for variation in the U concentration of bromegrass. As 
none of the terms with a P component had an F-ratio greater 
than unity, there is no reason for assuming that this ele­
ment had any effect on the percent lï in bromegrass in 1959 
at the GS location. 
The following prediction equation contains the appro­
priate terms for predicting the percent N, n, in bromegrass 
from the GS location. 
n = [2460.0000 + 0.4327# + 3.1292% + 0.0084#2 
- 0.0381X2] x 10-3 (42) 
This equation has an B2 of 0.9370. 
The percent IT data from the GS and SS locations were 
pooled and an analysis of variance of the pooled data was 
computed. This analysis of variance is presented in table 
36. The significant location effect indicates that there 
is a significant difference in the # content of bromegrass 
between the two locations. The linear effect of # and K was 
significant at the 0.01 probability level, but the linear 
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Table 36. Analysis of variance of the percent N in 
bromegrass from the Grundy-Shelby and 
Seymour-Shelby locations in 1959 
Source of Degrees of Sum of 
variation freedom squares 
Mean 
square 
Treatment 
location 
Linear 
Ni 
pi 
K., 
45 
1 
3 
1 
1 
1 
23,509.73 
4,600.00 
15,692.50 
14,632.71 
41.24 
1,018.55 
4,600.00 
5,230.83 
14,632.71 
41.24 
1,018.55 
60.48 ** 
68.77 ** 
192.38 ** 
0.54 
13.39 ** 
Quadratic 
U 1 
1 
1 
273.20 
145.12 
71.10 
56.98 
91.07 
145.12 
71.10 
56.98 
1.20 
1.91 + 
0.93 
0.75 
Interaction 
Vi 
¥i 
% 
Regression 10 
1 
1 
1 
281.88 
24.92 
12.61 
244.35 
93.96 
24.92 
12.61 
244.35 
1.24 
0.33 
0.17 
3.21 + 
20,847.58 2,084.76 27.41 ** 
Residual 35 2,662.15 76.06  
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effect of applied P did not have a significant effect upon 
the percent ÎJ in "bromegrass. The effect was the only 
significant quadratic effect and the P^&i effect was the 
only significant interaction effect. 
The following prediction equation contains the appro­
priate terms for predicting the IT percentage, n, in "brome­
grass from the GS and SS locations. 
n = [2681.6000 + 100.00001 + 1.9259% - 5.0138? 
- 0.1895K + 0.0015U2 + 0.0465P2 - 0.0205K2 
+ 0.0198PK] x 10"5 (43) 
This equation has an R2 of 0.8868. 
For pooled regression equation 43, 1 represents a 
location effect: L is +1 for the SS location and -1 for 
the GS location. 
Figure 14 illustrates the effect of applied P and K on 
the percent N in bromegrass. Applied K decreased the per­
cent N in bromegrass at all rates of P and K, but the rate 
of decrease of the percent H in bromegrass was slower at 
high levels of applied P due to the positive PK interaction. 
Applied P decreased the percent N in bromegrass to a 
minimum percentage and then increased the bromegrass percent 
P at higher levels of applied P. The minimum percentage of 
U occurred at a 65 pounds per acre rate of applied P in the 
absence of applied K and at approximately 35 pounds per acre 
Figure 14. Predicted surface for the percent N in 
bromegrass in 1959 on Shelby silt loam 
as a function of applied P and K when 
applied N is 0 pounds per acre 
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of applied P at the high rate of applied K. The difference 
in these values is due to the positive PK interaction. 
Effect of I960 applied N, P and £ plus the residual 
effect of the 1959 applied fertilizer upon the percent E 
in "bromegrass in I960 An analysis of variance of the 
percent H in bromegrass in I960 of pooled data from the SS 
and GS locations is presented in table 37. The linear com­
ponent of the analysis of variance was again the most sig­
nificant effect in accounting for variation of the percent îî 
in bromegrass. The linear effect of applied N was the most 
significant factor in accounting for variation in the per­
cent IT in bromegrass of all the factors tested. The other 
linear effects had P-ratios less than unity. The effect 
was the significant quadratic component and the N^P^ effect 
was the significant interaction. There was also a signifi­
cant difference in the percent IT in bromegrass between 
locations. 
The following prediction equation contains the appro­
priate terms for predicting the percent IT, n, in I960 yields 
of bromegrass from the GS and SS locations. 
n = [2338.8000 - 56.50001 + 1.7619% - 0.0505P 
- 0.4432K + 0.0053N2 + 0.0084P2 + 0.0071K2 (44) 
- 0.0077FP - 0.0045NK] x 10~3 
This equation has an R2 of 0.8714. 
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Table 37. Analysis of variance of the percent N in brome­
grass from the Grundy-Shelby and Seymour-Shelby 
locations in I960 
Source of 
variation 
Degrees of 
freedom 
Sum of 
squares 
Mean 
square F 
Treatment 45 23, 712. 57 
Location 1 1, 470. 00 1. ,470 .00 16. ,88 ** 
Linear 3 17, CO
 
VJ1
 
VI
 
27 5: ,951 .09 68. 32 ** 
1 17. ,777. 25 17, 777 .25 204, .08 ** 
pi 1 30. 24 30 .24 0. 35 
Ei 1 45. 78 45 .78 0, .53 
Quadratic 3 995. 68 331 .89 3-.81 * 
\ 1 944. 00 944 .00 10, .84 ** 
1 39. 10 39 .10 0, .45 
1 12. 58 12 .58 0, .14 
Interaction 3 444. 77 148 .26 1, .70 4-
Hipi 1 214. 79 214 .79 2, .47 + 
Vi 1 114. 60 114 .60 1, .32 
P1K1 1 15. 38 15 .38 0. 18 
Regression 10 20 , 663 • 72 2 , 066 .37 23 .72 ** 
Residual 35 3 ,048. .85 87 .11 
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A t-test comparison between corresponding regression 
coefficients estimated by regression analysis of the percent 
% in bromegrass in 1959 and I960 is presented in table 38. 
There is a significant difference between the linear effect 
of K upon the percent H in bromegrass in 1959 and I960 at 
the 0.05 probability level. The effect decreased the 
percent H in bromegrass each growing season, but the effect 
was significantly greater in I960. This may have been due 
to a residual effect of 1959 applied £ since the linear 
effect of applied K was to decrease the percent N in brome­
grass each year. The cause of a significant difference be­
tween the coefficients of the term or the reason for a 
significant term during the I960 growing season cannot 
be ascertained from the data. 
Effect of applied 5, P and K upon the percent P in 
bromegrass in 1959 An analysis of variance of the per­
cent P in bromegrass in 1959 from the SS location is pre­
sented in table 39• The linear effect of P accounted for 
the largest portion of the variation in the percent P in 
bromegrass at the SS location, but the effect was signif­
icant at the 0.25 probability level. The P^ effect was the 
significant quadratic effect and the K^P^ effect was the 
significant interaction. 
The following prediction equation contains the appro­
priate terms for predicting the P percentage, p, in 
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Table 38. A t-test comparison between corresponding 
regression coefficients estimated by regres­
sion analysis of the percent N in bromegrass 
in 1959 and I960 
Coefficient Computed 
of t-value 
% 0.968 
P 0.007 
K 2.027 * 
%2 0.468 
P2 0.498 
K2 0.578 
HP 1.539 + 
UK 0.560 
PK 0.917 
bromegrass yields from the SS location in 1959• 
p = [283.9000 + 0.1368% + 2.1204? - 0.3436% 
- 0.0002U2 - 0.0124P2 + 0.0013K2 (45) 
+ 0.0036m] x 10~5 
This equation has an B2 of 0.8833. 
An analysis of variance of the percent P in bromegrass 
in 1959 from the GS location is presented in table 40. In 
the linear component of the sum of squares the linear effect 
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Table 39• Analysis of variance of the percent P in brome­
grass in 1959 from the Seymour-Shelby location 
Source of Degrees of Sum of 
variation freedom squares 
Mean 
square 
Treatment 
Linear 
*1 
P1 
K-, 
22 
1 
1 
1 
488.85 
391.31 
3.95 
376.65 
10.71 
130.44 
3.95 
376.65 
10.71 
30.73 ** 
0.93 
88.75 ** 
2 . 5 2  *  
Quadratic 
"i 
Pq 
K 
1 
1 
1 
16.72 
2.53 
14.02 
0.17 
5.57 
2.53 
14.02 
0.17 
1.31 
0.60  
3.30 + 
0.04 
Interaction 3 
Vi 1 
"A 1 
% 1 
Regression 
Residual 13 
25.65 
23.77 
1.41 
0.47 
433.67 
55.17 
8.55 
23.77 
1.41 
0.47 
48.19 
4.24 
2.01 f 
5 .60  *  
0.33 
0.11 
11.35 ** 
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Table 40. Analysis of variance of the percent P in brome­
grass in 1959 from the Grundy-Shelby location 
Source of Degrees of Sum of Mean 
variation freedom squares square 
Treatment 22 220.72 
Linear 3 173-06 57.69 51.26 ** 
1 8.51 8.51 7.57 * 
P]_ 1 163.12 163.12 144.96 ** 
l ' 1.43 1.43 1.27 
Quadratic 3 18.30 6.10 5.42 * 
1 6.37 6.37 5.66 * 
P 1 11.75 11.75 10.44 ** 
K 1 0.18 0.18 0.16 
Interaction 3 14.74 4.91 4.35 * 
Vl 1 14.15 14.15 12.57 ** 
H1K1 1 0.00 0.00 0.00 
P-.K-, 1 0.59 0.59 0.5 1~1 
Regression 9 206.10 22.90 20.35 ** 
Residual 13 14.63 1.13 
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of applied ÏT and P are the significant factors in accounting 
for variation in the percent P in "bromegrass. The and 
0. 
Pq^ effects are the significant factors of the quadratic com­
ponent of the sum of squares. The H^P^ effect accounted for 
a significant portion of the variation in percent P at the 
0.01 probability level. 
The following prediction equation contains the appro­
priate terms for predicting the percent P, p, in bromegrass 
from the G-S location. 
P = [339-9000 - 0.4013% + 2.7445P - 0.1735% 
+ 0.0015%2 - 0.0260P2 + 0.0010K2 (46) 
+ 0.0028KP] x 10-3 
This equation has an R2 of 0.9310. 
The analysis of variance presented in table 41 was com­
puted from pooled data from the G-S and SS locations. There 
was a significant difference in the P composition of brome­
grass between the two locations. The P^ and effects were 
the significant linear effects of the linear component of 
the sum of squares. The quadratic effect of applied it ac­
counted for a significant part of the variation in the per­
cent P in bromegrass at the 0.05 probability level and the 
P^ effect was significant at the 0.25 probability level. 
The effect was the only significant interaction and it 
accounted for a significant portion of the variation in the 
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Table 41. Analysis of variance of the percent P in brome­
grass in 1959 from the Grundy-Shelby and Seymour-
Shelby locations 
Source of Degrees of Sum of 
variation freedom squares 
Mean 
square 
Treatment 
Location 
Linear 
45 
1 
3 
1 
1 
1 
Quadratic 
Ka 
Interaction 
Vi 
Vi 
PA 
Regression 10 
1 
1 
1 
1 
1 
1 
Residual 35 
1,106.40 
397.00 
528.17 
0.43 
517.75 
9.98 
32.29 
19.39 
11.55 
0.35 
38.06 
37.29 
0.77 
0.00 
995.52 
110.88 
397.00 
176.06 
0.43 
517.75 
9.98 
10.76 
19.39 
11.55 
0.35 
12.69 
37.29 
0.77 
0.00 
99.55 
3.17 
125.31 ** 
55.57 * 
0.14 
163.43 ** 
3.15 * 
3.40 * 
6.12 * 
3.65 + 
0.11 
4.00 * 
11.77 ** 
0.24 
0 
31.42 ** 
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percent P in "bromegrass at the 0.01 probability level. 
The following prediction equation contains the appro­
priate terms for predicting the percent P in bromegrass in 
1959. 
P = [311.9000 - 29.40001 - 0.14325 + 2.4319P 
- 0.2586K + 0.0006H2 - 0.0192P2 + 0.0012K2 (47) 
+ 0.0032EP] x 10-3 
This equation has an R2 of 0.8991. 
Percent P as a function of applied If and K at zero and 
78 pounds per acre levels of P is illustrated in figures 15 
and 16. Figure 15 shows that within the range of this exper­
iment N decreased the percent P in bromegrass up to a rate 
of about 120 pounds per acre of applied If. At rates of ap­
plied IT greater than 120 pounds per acre, applied % increased 
the percent P in bromegrass. 
Applied K decreased the percent P in bromegrass at a 
decreasing rate throughout the range of the applied K treat­
ments . 
Figure 16 shows the effect of applied N on the percent 
P in bromegrass when the level of applied P is 78 pounds per 
acre. Hitrogen increased the percent P in bromegrass at an 
increasing rate. The difference in the effect of If on the 
percent P in bromegrass illustrated in figures 15 and 16 is 
due to a positive NP interaction term. 
145 
.34 
.32 
cf .3(3 33 
CL 
.28 
.26 99 
240 160 80 
N (LBS/A) 
Figure 15. Predicted surface for the percent P in 
bromegrass in 1959 on Shelby silt loam 
as a function of applied H and £ when 
applied P is 0 pounds per acre 
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Figure 16. Predicted surface for the percent P in 
"bromegrass in 1959 on Shelby silt loam 
as a function of applied N. and K when 
applied P is 78 pounds per acre 
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As there were no interactions with K, the effect of K 
is to decrease the percent P in bromegrass at all levels of 
applied H and P. 
Effect of I960 applied E", P and £ plus the residual 
effect of the 1959 applied fertilizer upon the percent P 
in bromegrass in I960 Data from the GS and SS locations 
in I960 were pooled and an analysis of variance of the per­
cent P in the bromegrass was computed to determine the sig­
nificant factors that affected the percent P in bromegrass. 
This analysis of variance is presented in table 42. There 
was a significant difference in the P content of bromegrass 
between the GS and SS locations. Each of the linear effects 
was "effective" in accounting for the variation in the per­
cent P in bromegrass. The P^ and effects were each sig­
nificant at the 0.01 probability level and the effect was 
significant at the 0.25 probability level. Each of the 
and P^ effects accounted for a significant portion of the 
variation in the percent P in bromegrass at the 0.01 prob­
ability level. The B^P^ effect was significant interaction 
at the 0.01 probability level, and the and P^K^ effects 
were each significant at the 0.25 probability level. 
The following prediction equation contains the appro­
priate terms for predicting the percent P, p, in bromegrass 
in I960. 
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Table 42. Analysis of variance of the percent P in "brome­
grass in I960 from the Grundy-Shelby and Seymour-
Shelby locations 
Source of 
variation 
Degrees of 
freedom 
Sum of 
squares 
Mean 
square JJ* 
Treatment 45 1,462, .92 
Location 1 264. 00 264. 00 151. 88 ** 
Linear 3 990. 01 330, .00 189. .66 ** 
1 5. 50 5. 50 3. 16 
pi 1 865. 84 865, .84 
CO 
.12 ** 
Ki 1 18. 67 18. 67 10. 74 
** 
Quadratic 3 181. 04 60. 35 34, .72 ** 
"a 
1 143, .55 143. 55 82, .59 ** 
pi 
1 36. 97 36, .97 21, .27 ** 
1 0. 52 0. 52 0, .30 
Interaction 3 67. 04 22, .35 12, .84 ** 
¥1 
1 58, .18 58, .18 33, .47 ** 
Vi 
1 6, .26 6, .26 3, .60 t 
P1K1 
1 2, .60 2, .60 1, .50 + 
Regression 10 1,402, .08 140, .21 80, . 66 ** 
Residual 35 60, .84 1, .74 
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p = [285.3000 - 24.00001 - 0.1875% + 3.89452 
- 0.45092 - 0.0003%2 - 0.0328P2 + 0.0021K2 (48) 
+ 0.0040EP + 0.0010HK - 0.0020PK] x 10-5 
This equation has an H2 of 0.9584. 
A t-test comparison between corresponding regression 
coefficients estimated by regression analysis of the per­
cent P in bromegrass in 1959 and I960 is presented in 
table 43. There was a significant difference between each 
of the coefficients of the P variate and each of the coef­
ficients of the % variate in the prediction equations. The 
linear effect of P had a significantly greater positive ef­
fect upon the percent P in bromegrass in I960 than in 1959. 
The linear effect of % had a significantly greater negative 
effect upon the percent P in bromegrass in I960 than in 
1959• The significant difference between the coefficients 
of the % variate may be due to a residual effect of 1959 
% applications. 
It has been shown that the % term had a significantly 
greater effect upon bromegrass yield in I960 than in 1959 
(table 31). If H is varied and the level of P is held con­
stant then the increased yields due to applied N would 
"dilute" a constant level of P and decrease the percent P 
in the plant. Therefore, when the yield of bromegrass in­
creased as a function of N, the percent P decreased. 
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Table 43. A t-test comparison between corresponding 
regression coefficients estimated by regression 
analysis of the percent P in bromegrass in 1959 
and I960 
Coefficient Computed 
of t-value 
H 1.356 + 
P 3.012 ** 
K 0.522 
H2 0.650 
P2 1.028 
K2 0.012 
HP 0.687 
HZ 0.734 
PK 0.701 
The linear effect of applied P on the P content of 
bromegrass was positive during both growing seasons but the 
positive effect was greater in I960. This greater positive 
effect in I960 was probably caused by an increased amount 
of available P due to a residual effect of 1959 fertilizer 
P. 
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Effect of applied U, P and E upon the percent E in 
bromegrass in 1959 An analysis of variance of the per­
cent £ in bromegrass at the SS location in 1959 is presented 
in table 4-4-. The linear effect of Ef and P each accounted 
for a significant portion of the variability in the percent 
£ in bromegrass. The ST effect was the significant quadrat­
ic effect and it was significant at the 0,25 probability 
level. The N^P^ interaction was significant at the 0.05 
probability level and each of the $T^£^ and P^£^ interactions 
were significant at the 0.25 probability level. 
The following prediction equation contains the appro­
priate terms for predicting the percent E, k, in bromegrass 
at the SS location. 
k = [2535.5000 + 1.4-6541? - 6.3829P - 0.1805E 
- 0.0071H2 + 0.0688P2 - 0.0125E2 + 0.0122HP (4-9) 
+ 0.0065HE + 0.2370PE] x 10-5 
This equation has an R2 of 0.7115• 
An analysis of variance of the percent £ in bromegrass 
from the GS location in 1959 is presented in table 4-5. At 
this location the linear effect of each of the applied ele­
ments accounted for a significant portion of the variation 
in the percent P in bromegrass and the linear effect of H 
was the most significant linear effect. The and P^ ef­
fects were the significant effects of the quadratic component 
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Table 44. Analysis of variance of the percent K in brome­
grass in 1959 from the Seymour-Shelby location 
Source of 
variation 
Degrees of 
freedom 
Sum of 
squares 
Mean 
square 
Treatment 
Linear 
22 
1 
1 
1 
2,247.66 
895.02 
455.45 
420.65 
18.92 
298.34 
455.45 
420.65 
18.92 
5.98 ** 
9.13 ** 
8.43 * 
0.38 
Quadratic 
"a 
K_ 
Interaction 
Vi 
Vi 
% 
Regression 
Residual 
1 
1 
1 
1 
1 
13 
140.01 
77.37 
51.16 
11.48 
564.23 
269.16 
120.71 
174.36 
1,599.26 
648.39 
46.67 
77.37 
51.16 
11.48 
188.08 
269.16 
120.71 
174.36 
177*70 
49.88 
0.94 
1.55 4-
1.03 
0.23 
3.77 * 
5.40 * 
2.42 + 
3.50 + 
3.56 * 
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Table 45• Analysis of variance of the percent K in brome­
grass in 1959 from the Grundy-Shelby location 
Source of Degrees of Sum of Mean 
variation freedom squares square 
Treatment 22 5,515.12 
Linear 3 4,308.79 1,436.26 34.26 ** 
H1 1 4,033.79 4,033.79 96.23 ** 
Px 1 136.50 136.50 3.26 f 
K 1 138.50 138.50 3.30 \ 
Quadratic 3 582.71 194.24 4.63 * 
N 1 264.61 264.61 6.31 * 
2 1 306.15 306.15 7.30 * 
E 1 11.95 11.95 0.29 
Interaction 3 78.66 26.22 0.63 
N1P1 1 18.18 18.18 0.43 
5T1K1 1 24.51 24.51 0.58 
P1K1 1 35.97 35.97 0.86 
Regression 9 4,970.16 552.24 13.17 ** 
Residual 13 544.96 41.92 
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and there were no significant interaction effects at this 
location. 
The following prediction equation contains the appro­
priate terms for predicting the percent K in bromegrass at 
the GS location. 
k = [2561.1000 - 0.1827% + 10.2818? + 1.7942K 
p P ? % (50) 
+ 0.0078ÏT - 0.1188P - 0.0104ET] x 10" ^ 
This equation has an R2 of 0.8869. 
The reason for a better "fit" of the regression model 
at the GS location than at the SS location cannot be easily 
determined from the available data. Observation of the lin­
ear terms in prediction equations 49 and 50 indicates con­
siderable discrepancies in the linear effects of applied N, 
P and K upon the percent K in bromegrass between the two 
locations and significant linear x linear interactions at 
the SS location make an independent evaluation of the linear 
effects impossible. Until interactions are more clearly 
understood biologically, their interpretation will remain 
difficult. 
The analysis of variance presented in table 46 was com­
puted from the pooled data obtained from the GS and SS loca­
tions in 1959• Bach of the linear terms accounted for a 
significant portion of the variation in the percent K and 
the effect was the most significant factor of all factors 
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Table 46. Analysis of variance of the percent K in brome­
grass from the Grundy-Shelby and Seymour-Shelby 
locations in 1959 
Source of 
variation 
Degrees of 
freedom 
Sum of 
squares 
Mean 
square F 
Treatment 45 21, ,295. 56 
Location 1 13, ,205. • 75 13, 205. 75 176 .42 ** 
Linear 3 4, ,248, .14 1, 416, .05 18 .92 ** 
*i 1 3, 600. 05 3, 600, .05 48 .09 
** 
1 518, .20 518, .20 6 .92 * 
Ki 1 129. ,89 129-.89 1 .74 + 
Quadratic 3 696. 76 232. 25 3 .10 * 
\ 1 600. 76 600. 76 8 .03 ** 
P 4  
1 72. 70 72. 70 0 .97 
K
-
1 23-.30 23. 30 0 .31 
Interaction 5 524. 97 174. 99 2 .34 4-
Hipi 1 213, .62 213. 
62 2 .85 + 
¥i 
1 127. 00 127. 00 1 .70 1 
piKi 1 184. 35 184, .35 2 .46 + 
Regression 10 18. ,675 .63 1,  867. 56 24 .95 ** 
Residual 35 2. ,619 .93 74, .86 
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tested. The E^ effect was the least significant linear com­
ponent. The effect was the only significant quadratic 
effect and it was significant at the 0.01 probability level. 
Bach of the interactions accounted for a significant portion 
of the variation in the percent E in bromegrass at the 0.25 
probability level and there was a significant difference be­
tween the E content of bromegrass at the G-S and SS locations. 
The following prediction equation contains the appro­
priate terms for predicting the percent E, k, in bromegrass 
in 1959. 
k = [2575.0000 - 169.40001 + 0.5065% + 1.4908P 
+ 0.4206E + 0.0004N2 - 0.0250P2 - 0.0115E2 (51) 
+ 0.0077NP + 0.0047NE + 0.0017PE] x 10™5 
This equation has an R2 of 0.8770. 
Figures 17 and 18 illustrate the percent E in brome­
grass in 1959 as a function of applied N and P at constant 
levels of applied E. Increasing the rate of applied N 
almost linearly increases the percent E in bromegrass. A 
comparison of two N variate curves, one at zero pounds per 
acre of P and the second at 78 pounds per acre of P, shows 
the effect of the positive UP interaction upon the percent 
E in bromegrass. 
At zero pounds per acre of applied N, P increased the 
percent E in bromegrass up to a level of about 30 pounds per 
Figure 17. Predicted surface for the percent K in 
bromegrass in 1959 on Shelby silt loam 
as a function of applied N and P when 
applied K is 0 pounds per acre 
ïO 
CP 
Figure 18. Predicted surface for the percent K in 
"bromegrass in 1959 on Shelby silt loam 
as a function of applied E and P when 
applied K is 50 pounds per acre 
158b 
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acre of P. Hates higher than 30 pounds per acre decreased 
the percent K in "bromegrass. If the level of applied N is 
240 pounds per acre, there is no rate of applied P within 
the range of treatments shown at which a maximum percent K 
occurs. This is due to the positive UP interaction. 
The surface in figure 18 shows the effect of N upon the 
percent K in "bromegrass at 50 pounds per acre of applied K. 
The difference in the slope of the single nutrient variable 
N curve in figures 17 and 18 at the zero level of applied P 
is due to the positive UK interaction. 
The surface in figure 18 also shows the effect of P 
upon the percent K in bromegrass at 50 pounds per acre of 
applied K. Applied P increased the percent K in bromegrass 
to a maximum at a level of about 32 pounds per acre of P. 
The difference in the rate of P required to obtain the maxi­
mum percent K in figures 17 and 18 is due to the positive PK 
interaction. 
Effect of I960 applied U, P and K plus the residual 
effect of 1959 applied fertilizer upon the percent K in 
bromegrass in I960 Data showing the percent K in brome­
grass from the GS and SS locations in I960 were pooled and 
an analysis of variance computed to determine the signifi­
cant effects. This analysis of variance is presented in 
table 4-7. The linear effect of N and K accounted for a 
significant portion of the variation in the percent K in 
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Table 47. Analysis of variance of the percent K in brome­
grass in I960 from the Grundy-Shelby and Seymour-
Shelby locations 
Source of Degrees of 
variation freedom 
Sum of 
squares 
Mean 
square F 
Treatment 45 53,714.66 
Location 1 45,407.56 45,407.56 397.84 ** 
Linear 3 2,559.68 853.23 7.48 ** 
<—
1 
699.20 699.20 6.13 * 
1 
138.63 138.63 1.21 
Ki 1 1,721.86 1,721.86 15.09 
** 
Quadratic 3 968.56 322.89 2.83 4-
\ 865.22 865.22 7.58 •** 
29.36 29.36 0.26 
I—
1 
O 1 
M
 73.99 73.99 0.65 
Interaction 3 784.15 261.38 2.29 4-
Vi 1 129.69 129.69 1.14 
Vi 1 510.76 510.76 4.48 
* 
P1E1 1 143.70 143.70 1.26 
Regression 10 49,719.95 4,972.00 43.56 ** 
Residual 35 3,994.71 114.13 
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bromegrass in I960 at 0.05 and 0.01 probability levels, 
respectively. The 35^ effect was the only significant quad­
ratic component and the effect was the only significant 
interaction. 
The following prediction equation contains the appro­
priate terms for predicting the percent K in bromegrass in 
I960. 
k = [2422.9000 - 314.20001 + 1.5262% - 1.6960? 
+ 3.0595% - 0.0053N2 + 0.0297P2 - 0.0291K2 (52) 
- 0.0060HP + 0.0094EK + 0.0152PK] x 10~5 
This equation has an S2 of 0.9256. 
A t-test comparison between corresponding regression 
coefficients estimated by regression analysis of the percent 
K in bromegrass in 1959 and I960 is presented in table 48. 
There was a significant difference between the coefficients 
of the corresponding N variates and between the correspond­
ing P variates at the 0.05 probability level. There was 
also a significant difference between the coefficients of 
the corresponding UP variates at the 0.25 probability level. 
It has been shown by other workers that the percent K 
in forage will increase when the rate of applied IT is in­
creased on an experimental area supplied with a basic appli­
cation of K (47). Soil tests of the GS and SS experimental 
area indicate a large amount of exchangeable K at both 
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Table 48. A t-test comparison between corresponding 
regression coefficients estimated by regres­
sion analysis of the percent K in brome­
grass in 1959 and I960 
Coefficient Computed 
of t-value 
N 2.441 * 
P 0.799 
K 2.189 * 
II2 0.552 
P2 0.664 
K2 0.344 
EP 1.892 + 
m 0.824 
P£ 0.116 
locations (table 2), therefore, morè of the variability of 
the percent K in bromegrass could be accounted for by the 
$T variate than by the K variate in 1959 since there was an 
ample supply of exchangeable soil K. 
It has been stated that £ is required in protein syn­
thesis and certain enzyme reactions (23? 24). This would 
imply that a factor such as U which increases the protein 
content of a plant would also increase the K requirement of 
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the plant. 
A large quantity of K was removed from the experimental 
area during the 1959 growing season so the bromegrass may 
have become more dependent upon fertilizer K in I960. Al­
though it remained statistically significant, the linear 
effect of E decreased in importance in accounting for varia­
tion in the percent K in bromegrass in I960 and the ferti­
lizer K became more significant which resulted in a signifi­
cant effect in I960. 
Yield of bromegrass as a function of its chemical 
composition 
The percentage of N, P and K was determined in the 
bromegrass clippings from each plot. As there was an ex­
pected plot to plot variation in the chemical composition 
of the clippings, the percent of ÎT, P and K associated with 
each plot were used as treatment variates in determining the 
relationship of yield as a function of its chemical composi­
tion. This increased the number of treatments to 4-6 at each 
location or a total of 92 for each year. Tables 4-9 and 50 
indicate the yields of bromegrass and the associated percent 
U, P and K for the GS and S3 locations. 
The data were analyzed by multiple regression analysis 
and the same criterion was used for retaining coefficients 
in the prediction equation as was used in the previous anal­
ysis of bluegrass as a function of percent K, P and K. If 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22  
25 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
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Treatment number, percent lî, P and K and 
associated yield of bromegrass at the Seymour-
Shelby location 
Composition Yield 
Pounds per acre 
3.080 0.392 2.748 5620 
2.780 0.284 2.440 4070 
2.956 0.406 2.716 5597 
2.542 0.336 2.442 3957 
2.632 0.270 2.428 5041 
2.786 0.291 2.522 3895 
2.828 0.358 2.546 4949 
2.774 0.320 2.526 4557 
2.852 0.303 2.384 4434 
3-052 0.369 2.534 5264 
3.028 0.305 2.550 5056 
2.896 0.221 2.338 3529 
2.944 0.417 2.792 6025 
3.072 0.350 2.564 5712 
2.480 0.309 2.594 4700 
2.962 0.332 2.634 4828 
2.648 0.236 2.524 3298 
2.734 0.341 2.278 3224 
2.666 0.343 2.422 2965 
3.494 0.275 2.450 6174 
3.122 0.241 2.402 5715 
3.444 0.418 2.756 6320 
3.146 0.368 2.752 5956 
2.794 0.331 2.476 4636 
2.812 0.304 2.446 3926 
2.820 0.327 2.436 4070 
2.722 0.354 2.592 4633 
3.108 0.290 2.684 5646 
3.016 0.312 2.786 5815 
3.086 0.348 2.580 5041 
3.194 0.368 2.824 5164 
2.694 0.332 2.694 5228 
2.650 0.342 2.572 4469 
2.830 0.303 2.398 4746 
3.094 0.303 2.806 5279 
3.014 0.350 2.488 3854 
3.066 0.333 2.490 5064 
3.068 0.338 2.532 4077 
2.614 0.235 2.286 2611 
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Table 4-9 (Continued). 
Composition Yield 
Treatment 
number $K Pounds per acre 
17 2.448 0.275 2.354 2993 
18 2.576 0.381 2.726 5015 
19 2.554 0.347 2.478 3106 
20 3.416 0.212 2.626 5110 
21 2.870 0.219 2.472 5115 
22 3.022 0.363 2.448 5266 
23 3.254 0.397 3.036 5838 
1 2.357 0.379 2.300 4772 
2 2.527 0.307 2.383 3817 
3 2.307 0.404 2.287 4788 
4 2.427 0.344 2.270 4015 
5 2.343 0.300 2.040 4698 
6 2.467 0.292 2.373 4164 
7 2.450 0.379 2.200 5250 
8 2.303 0.336 2.230 4874 
9 2.517 0.313 2.097 4580 
10 2.007 0.344 2.300 4025 
11 2.267 0.315 2.093 4884 
12 2.357 0.241 2.247 4207 
13 2.377 0.391 2.447 5671 
14 2.387 0.355 2.280 4975 
15 2.120 0.304 2.363 3316 
16 2.280 0.291 2.143 3390 
17 1*937 0.209 2.303 3001 
18 2.297 0.330 2.023 3038 
19 2.240 0.322 2.387 3137 
20 2.980 0.213 1.950 6375 
21 2.803 0.170 2.333 4780 
22 2.967 0.409 2.040 6421 
23 2.540 0.380 2.553 6818 
1 2.287 0.317 2.240 4863 
2 2.537 0.322 2.536 5348 
3 2.617 0.364 2.316 5106 
4 2.183 0.357 2.460 4748 
5 2.557 0.292 2.213 6293 
6 2.580 0.308 2.373 6701 
7 2.337 0.360 2.273 5629 
8 2.397 0.362 2.463 6093 
9 2.470 0.362 2.270 5725 
10 2.180 0.346 2.450 4513 
11 2.860 0.363 2.107 5986 
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Table 4-9 (Continued). 
Treatment 
number 
Composition Yield 
<0 #P Pounds per acre 
12 2.4-30 0,278 2.483 5999 
13 2.337 0.385 2.483 4802 
14 2.380 0.336 2.353 5578 
15 2.84-7 0.363 2.393 5322 
16 2.060 0.216 2.083 2913 
17 2.113 0.24-0 2.097 3254 
18 2.160 0.385 2.480 4642 
19 2.387 0.325 2.423 2275 
20 2.900 0.167 2.317 4972 
21 2.723 0.191 2.550 4722 
22 2.603 0.369 1.843 5778 
23 2.713 0.370 2.486 7093 
the ratio of a regression coefficient to its standard error 
is greater than unity, then a term will be deemed "effective" 
in accounting for variations in yield and will be retained 
in the prediction equation. Regression coefficients whose 
t-test ratio of a coefficient to its standard error are 
unity or less will be deleted from further consideration. 
It has been shown in previous analyses that there is a 
significant difference in chemical composition between the 
two experimental locations for each nutrient element, so a 
location effect is included in the analysis. 
A multiple regression analysis with yield as a function 
of percent N, P and K is presented in table 51. Each of the 
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Treatment number, percent IT, P and K and 
associated yield of bromegrass at the Grundy-
Shelby location 
Composition Yield 
$P foK Pounds per acre 
2.624 0.394 2.854 4864 
2.422 0.352 2.818 4472 
2.578 0.416 2.870 5420 
2.538 0.391 2.906 5256 
2.982 0.408 3.168 4915 
2.990 0.388 3.072 5595 
2.688 0.408 2.970 6094 
2.566 0.404 3.088 6189 
2.890 0.395 2.988 4985 
2.542 0.391 2.818 4649 
2.978 0.398 3-228 5955 
2.710 0.349 2.976 5077 
2.696 0.409 2.956 5202 
2.712 0.594 2.926 5807 
2.448 0.571 2.898 5710 
2.476 0.555 2.646 5408 
2.428 0.539 2.502 3062 
2.348 0.405 2.640 5975 
2.308 0.392 2.704 4024 
3.234 0.519 3.042 6650 
2.976 0.558 3.194 6665 
3.142 0.447 3.146 5487 
2.956 0.426 3.150 6850 
2.618 0.582 2.956 5895 
2.604 0.550 2.760 3626 
2.642 0.588 2.870 5895 
2.628 0.405 2.766 4426 
2.744 0.559 2.904 4567 
2.774 0.558 2.808 4551 
2.854 0.414 2.950 5023 
2.678 0.597 2.994 4582 
2.638 0.564 2.858 4041 
2.508 0.375 2.740 3575 
2.984 0.425 5.192 4849 
2.706 0.514 2.602 4121 
2.692 0.405 2.918 4655 
2.668 0.584 2.780 4490 
2.802 0.404 5.128 4249 
2.492 0.510 2.554 2942 
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Table 50 (Continued). 
Composition Yield 
Treatment 
number $18 <fc£ Pounds per acre 
17 2.452 0.353 2.856 3434 
18 2.528 0.397 2.690 2673 
19 2.450 0.367 2.634 2614 
20 2.826 0.346 2.922 5115 
21 2.948 0.290 2.762 4836 
22 2.916 0.418 2.776 4879 
23 3.058 0.440 3.220 5438 
1 2.280 0.384 2.855 5028 
2 2.225 0.352 2.905 4591 
5 2.230 0.442 2.852 4828 
4 2.362 0.420 2.960 5252 
5 2.462 0.375 3.025 6354 
6 2.652 0.363 3.012 5962 
7 2.660 0.408 3.095 6634 
8 2.458 0.404 3.215 6781 
9 2.512 0.394 3.012 5717 
10 2.282 0.404 2.922 3793 
11 2.580 0.386 3.140 6978 
12 2.495 0.336 3.002 5666 
13 2.222 0.402 3.095 6026 
14 2.255 0.414 2.978 6399 
15 2.362 0.383 2.910 5087 
16 2.228 0.336 2.778 3809 
17 2.242 0.314 2.492 2427 
18 2.285 0.436 2.698 4393 
19 2.180 0.419 2.700 2716 
20 3.148 0.245 2.902 6946 
21 2.885 0.301 3.195 7731 
22 3.068 0.419 2.840 6685 
23 2.858 0.407 3.092 8229 
1 2.485 0.357 3.035 4295 
2 2.722 0.334 3.048 4932 
3 2.465 0.369 2.752 5050 
4 2.595 0.393 2.748 4916 
5 2.558 0.361 3.025 5581 
6 2.730 0.330 2.992 5234 
7 2.653 0.406 2.932 5591 
8 2.653 0.376 2.918 5284 
9 2.525 0.359 2.922 5124 
10 2.460 0.366 3.008 4196 
11 2.998 0.391 3.015 7053 
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Table 50 (Continued). 
Composition Yield 
Treatment 
number Pounds per acre 
12 2.675 0.310 2.690 4543 
13 2.515 0.404 3.020 5343 
14 2.595 0.397 2.695 4796 
15 2.478 0.395 3.075 5375 
16 2.412 0.285 2.590 3358 
17 2.328 0.297 2.818 4105 
18 2.245 0.385 2.680 3425 
19 2.422 0.320 2.800 3863 
20 2.780 0.276 2.925 6085 
21 2.988 0.252 2.848 5436 
22 2.962 0.400 2.960 6893 
23 2.955 0.401 3.072 7280 
percent N, percent P and percent K terms were significant 
given the null hypothesis, but at varying probability lev­
els. The percent K effect significantly decreased yields 
of bromegrass at the 0.01 probability level. The percent U 
and percent P effects increased yields of bromegrass at the 
0.25 and 0.05 levels of probability. The coefficients of 
p2 and k2 were each significant at the 0.05 and 0.01 levels 
of probability, respectively. The np and pk terms signifi­
cantly decreased bromegrass yields. 
The following prediction equation resulted from the 
regression of bromegrass yields on the appropriate variates. 
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Table 51. Regression analysis of yield as a function of 
percent E, P and K showing the regression 
coefficient and its computed t-value 
Regression Computed 
Variate coefficient t-value 
V 6,095 
L» 519 4.334 ** 
n 5,623 1.683 t 
P 31,765 2.139 * 
k -14,688 -3.867 ** 
n2 -155 -0.254 
P2 42,619 2.091 * 
k2 4,696 6.598 ** 
up 
-5,073 -1.220 + 
nk -828 -0.928 
Pk -16,474 -2.855 ** 
aThe regression constant. 
represents a particular location: it is +1 for 
the 33 location and -1 for the GS location. 
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Y = 8177 + 5051 + 5065n + 36,414p - 16,297k 
- 309n2 + 41,242p2 + 4,513k2 - 7,340np (53) 
- 15,540pk 
This equation has an R2 of 0.4619* 
Bromegrass yield as a function of its percent IT and 
percent P content when the percent £ is 2.0 is illustrated 
in figure 19. At a low P concentration yield of bromegrass 
increases almost linearly with increases in percent IT. At 
a high P concentration increasing the level of percent IT 
slowly increased bromegrass yields to a maximum and then 
decreased them when the percent IT required for maximum yield 
was exceeded. This difference in effect at high and low P 
percentages is due to the negative percent IT x percent P 
interaction. 
At a low percent N level bromegrass yields increase at 
an increasing rate with an increase in the P concentration. 
At a high IT concentration a small increase in the P concen­
tration has little or no effect upon yield; but as the level 
of P percentage is increased, yields increase at an in­
creasing rate. This difference in effect at high and low P 
levels is due to the negative percent H x percent P inter­
action. 
Observation of £ terms in equation 53 shows that within 
the range of £ percentages tested, increases in percent K 
Figure 19. Predicted production surface for "brome­
grass yield on Shelby silt loam as a 
function of percent N and percent P when 
the percent K is 2.0 
f 
bromegrass 
no 
(UBS /a x 10 3) 
^ ui 01 
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decreased yields of "bromegrass. This is probably caused by 
a large number of K percentage levels above the "critical 
percentage" in bromegrass. 
A comparison of the prediction equations expressing 
yield and function of percent IT, P and K shows that if B2 
is used as a criterion, yield of bluegrass as a function of 
percent N, P and K is more precise than yield of bromegrass 
as a function of percent II, P and K. This difference in the 
predictive value of percent composition may be due to an 
inherent difference in the feeding capacity of the two spe­
cies (52). In research comparing the E percentage of 6 
grass species at 5 levels of applied N, smooth bromegrass 
had a higher îî content at all levels of applied ET than any 
other species tested (17). This indicates a species differ­
ence in U concentration at varying $T levels. 
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SUHMARY 
A soil fertility experiment using Kentucky bluegrass 
(Poa pratensis) as the test crop was initiated in 1958 on a 
Payette silt loam in northeast Iowa. Fertility treatments 
were selected to conform to a 5 x 5 x 5 composite design 
containing 15 rates and combinations of H, P and E. A con­
trol plot was included as an additional treatment to provide 
supplementary information although it was not part of the 
composite design. 
Two additional experiments using smooth bromegrass 
(Bromus inermis) as the test crop were initiated in 1959 on 
Shelby silt loam at different sites in south central Iowa. 
Fertility treatments were selected to conform to a 7 x 7 x 7 
composite design containing 23 rates and combinations of N, 
P and E. 
Quadratic yield equations for bluegrass and bromegrass 
were computed as a function of applied îî, P and K. The 
greatest portion of the variation in the yield of both blue-
grass and bromegrass could be accounted for by the E terms 
in the prediction equations. The proportion of the varia­
tion accounted for by U effects without considering inter­
actions ranged from 0.8260 for bromegrass in 1959 to 0.9342 
for bluegrass in 1959• 
Applied P was the second most important element in 
terms of a positive yield response. Positive yield 
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responses were obtained for both bluegrass and bromegrass, 
but the probability level of the P terms in accounting 
for variations in yield was considerably less than that 
of H. 
Applied E had a negative effect upon yields of brome­
grass and did not significantly effect yields of bluegrass. 
Observation of the yield data indicated a small positive 
increase in yield due to applied E at high levels of N and 
P but the average effect of E throughout the experiment was 
negative for bromegrass and negligible for bluegrass. 
Production surfaces were constructed showing yield as a 
function of N and P for bluegrass and yield as a function of 
U and P, and N and E for bromegrass. These surfaces show 
that the maximum possible yield as a function of applied H 
was not attained within the range of treatments applied for 
either bromegrass or bluegrass. Future fertility experi­
ments with these grasses should include a wider range of N 
treatments so that a more precise estimate of the complete 
H response curve can be obtained. 
Maximum yields of bluegrass and bromegrass as a func­
tion of applied P were obtained in both bluegrass and brome­
grass experiments. The maximum yield of bluegrass could be 
obtained with 32 pounds per acre of P and the maximum yield 
of bromegrass could be obtained with 42 pounds per acre of P. 
An economic interpretation was made of both experiments 
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in terms of grass yields and in terms of potential "beef pro­
duction for specified nutrient and product prices. Iso-
quants of grass and beef production and isoclines for speci­
fied nutrient price ratios are illustrated as an example of 
least cost combinations of nutrients for specified condi­
tions . 
The chemical composition of each of the grasses as a 
quadratic function of applied H, P and K fertilizers was 
determined for each element. Applied N increased the per­
cent N in the plant for both species. The quadratic effect 
of applied P had a significant effect on the percent N in 
bluegrass and there was a positive PK interaction affecting 
the percent Iî in both species. Applied K decreased the per­
cent N in bromegrass and increased the percent H in blue-
grass. This discrepancy may have been caused by an inherent 
difference between the two species. 
Applied P was a significant factor in accounting for 
the variation of the percent P in bluegrass and bromegrass. 
Nitrogen and phosphorus each accounted for statistically 
significant portions of the variations in the percent P in 
both species. There was a positive and significant UP 
interaction affecting the percent P in bromegrass, but none 
of the interaction terms had a significant effect upon the 
percent P in bluegrass. This may have been due to the wider 
range of fertility treatments in the bromegrass trials. 
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Applied N was the element accounting for the largest 
portion of the variation in the percent K in both species. 
The linear effect of applied N had the highest level of 
probability of all factors tested. Phosphorus and K ef­
fects also accounted for a significant part of the variation 
in the percent K in both species. Each of the IT^Pj, 
and P^K^ effects accounted for a significant part of the 
variation in the percent K in bromegrass at the 0.25 prob­
ability level but none of these interactions were signifi­
cant in the bluegrass experiment. 
The effect of N upon the percent K in both species was 
positive. Potassium has been cited as being required for 
protein synthesis and for certain enzyme reactions (23, 24). 
Thus, a factor such as applied 5 which increased the amount 
of protein in a plant might be expected to increase the per­
cent K in the plant. 
Identical fertilizer applications were repeated for a 
second growing season at each location and similar quadratic 
equations were computed to predict yields and percent N, P 
and K. Corresponding regression coefficients for each of 
the two years were tested for significant differences. 
With identical environmental conditions and a repeti­
tion of the same treatment combinations for a second growing 
season, it would be expected that differences between corre­
sponding regression coefficients would be due to a residual 
effect of the initial fertilizer applications. For the 
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"bluegrass experiment precipitation data and differences in 
yield "between the control plots for the two growing seasons 
indicate that environmental conditions were not identical 
at this location. For the two bromegrass experiments aver­
age precipitation varied by only 3.55 inches during the 
growing season and the average yield from the control plots 
was similar. It has been stated by other workers that in 
pasture production the response to IT fertilizer is deter­
mined by air temperature and solar radiation (52), so it 
cannot be concluded from similar control plot yields that 
the response to fertilizer was the same from season to sea­
son. 
There was a significant difference between correspond­
ing coefficients of the linear IT variate for each of the 
growing seasons for 7 of the 8 equations which predicted 
chemical composition or yield. The linear U term was con­
sistent in its effect upon the dependent variable, but dif­
fered in magnitude between the two growing seasons. This 
indicates that there was a residual linear effect of IT in 
the year following the initial fertilization. 
During the first year of an experiment the percent K in 
grass was largely a function of the rate of applied IT, but 
for the second year of the experiment, the effect of applied 
K became more important. Ramage (4-7 ) showed that for the 
first year's experiment on orchardgrass and reed canarygrass 
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the percent K increased with increasing rates of N, but for 
the second year, the percent K in both grass species de­
creased with increasing N rates and K deficiency symptoms 
were exhibited. 
Soil tests at all locations indicate a relatively large 
amount of exchangeable K. For both grass species the prob­
ability level of the linear effect of applied N was greater 
during the initial growing season than during the following 
season. Conversely, the probability level of the linear ef­
fect of applied K was greater during the second year of fer­
tilizer applications than during the first year of applica­
tion. This indicates that the plants became more dependent 
upon fertilizer K as a nutrient source during the second 
year of the experiment. 
Yields were also expressed as a quadratic function of 
the chemical composition of H, P and K for each of the 
grasses. A better relationship (higher E2) was found for 
bluegrass as a function of percent composition than for 
bromegrass. The cause of the difference in the relation­
ship between yield and chemical composition for the two 
grasses may be due to a genetic difference between the spe­
cies. Salter and Ames (52) state that different species of 
plants differ widely in their capacity to absorb nutrients. 
Thus, a narrow range in composition may be required by one 
plant species for a particular yield while a wide range in 
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composition will "be adequate for a particular yield in 
another species. 
Future soil fertility experiments with grasses should 
begin at lower fertility levels in the soil and include a 
wider range of fertilizer applications so that more "precise" 
estimates of the parameters in prediction equations can be 
obtained. This would also allow the determination of crit­
ical and minimum percentages of nutrients in the species be­
ing used as the test crop. 
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APPENDIX A: CODED 2 MATRICES AMD INVERSE MATRICES 
OP THE EXPERIMENTAL DESIGNS USED IF THIS STUDY 
Table 52. Coded X matrix of the experimental design for the 
Grundy-Shelby and Seymour-Shelby experiments 
Xq N P K N2 P2 
1 
1 
1 
1 
-0.528000 
-0.528000 
-0.528000 
-0.528000 
-0.528000 
-0.528000 
0.528000 
0.528000 
-0.528000 
0.528000 
-0.528000 
0.528000 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
1 
1 
1 
1 
0.528C00 
0.528000 
0.528000 
0.528000 
-0.528000 
-0.528000 
0.528000 
0.528000 
-0.528000 
0.528000 
-0.528000 
0.528000 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
1 
1 
1 
0.000000 
-1.056000 
1.056000 
.000000 
.000000 
.000000 
0.000000 
0.000000 
0.000000 
0.000000 
1.115136 
1.115136 
0.000000 
0.000000 
0.000000 
1 
1 
1 
1 
0.000000 
0.000000 
0.000000 
0.000000 
-1.056000 
1.056000 
0.000000 
0.000000 
0.000000 
0.000000 
-1.056000 
1.056000 
0.000000 
0.000000 
0.000000 
0.000000 
1.115136 
1.115136 
0.000000 
0.000000 
1 
1 
1 
1 
-1.584000 
-1.584000 
-1.584000 
-1.584000 
-1.584000 
-1.584000 
1.584000 
1.584000 
-1.584000 
1.584000 
-1.584000 
1.584000 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
1 
1 
1 
1 
1.584000 
1.584000 
1.584000 
1.584000 
-1.584000 
-1.584000 
1.584000 
1.584000 
-1.584000 
1.584000 
-1.584000 
1.584000 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
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Table 52 (Continued). 
K2 up HK PK 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.278784 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
1.115136 
1.115136 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
2.509056 
0.278784 
0.278784 
-0.278784 
-0.278784 
-0.278784 
-0.278784 
0.278784 
0.278784 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
2.509056 
2.509056 
-2.509056 
-2.509056 
-2.509056 
-2.509056 
2.509056 
2.509056 
0.278784 
-0.278784 
0.278784 
-0.278784 
-0.278784 
0.278784 
-0.278784 
0.278784 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
2.509056 
-2.509056 
2.509056 
-2.509056 
-2.509056 
2.509056 
-2.509056 
2.509056 
0.278784 
-0.278784 
-0.278784 
0.278784 
0.278784 
-0.278784 
-0.278784 
0.278784 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
2.509056 
-2.509056 
-2.509056 
2.509056 
2.509056 
-2.509056 
-2.509056 
2.509056 
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Table 53. Elements of inverse matrix for the Grundy-Shelby 
and Seymour-Shelby experimental design 
Elements 
o
 
o
 
o
 
°01 C
M o
 
o
 tf
s o
 
o
 o
 
o
 
0.087842 0 .000000 0 .000000 0 .000000 -0 .013864 
0.000000 0 .040761 0 .000000 0 .000000 0 .000000 
0.000000 0 .000000 0 .040761 0 .000000 0 .000000 
0.000000 0 .000000 0 .000000 0 .040761 0 .000000 
-0.013864 0 .000000 0 .000000 0 .000000 0 .272386 
-0.013864 0 .000000 0 .000000 0 .000000 —0 .129694 
-0.013864 0 .000000 0 .000000 0 .000000 -0 .129694 
0.000000 0 .000000 0 .000000 0 .000000 0 .000000 
0.000000 0 .000000 0 .000000 0 .000000 0 .000000 
0.000000 0 .000000 0 .000000 0 .000000 0 .000000 
°05 C06 °07 °08 c09 
-0.013864 -0 .013864 0 .000000 0 .000000 0 .000000 
0.000000 0 .000000 0 .000000 0 .000000 0 .000000 
0.000000 0 .000000 0 .000000 0 .000000 0 .000000 
0.000000 0 .000000 0 .000000 0 .000000 0 .000000 
-0.129694 -0 .129694 0 .000000 0 .000000 0 .000000 
0.272386 -0 .129694 0 .000000 0 .000000 0 .000000 
-0.129694 0 .272386 0 .000000 0 .000000 0 .000000 
0.000000 0 .000000 0 .019614 0 .000000 0 .000000 
0.000000 0 .000000 0 .000000 0 .019614 0 .000000 
0.000000 0 .000000 0 .000000 0 .000000 0 .019614 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
54. Coded X matrix of the experimental design 
for the bluegrass experiment 
N P K N2 P2 K2 NP NK PK 
•1 
-1 
-1 
•1 
-1 
-1 
1 
1 
-1 
1 
-1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
•1 
-1 
1 
-1 
1 
-1 
1 
•1 
-1 
1 
1 
1 
1 
1 
-1 
-1 
1 
1 
-1 
1 
•1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
•1 
-1 
1 
1 
-1 
1 
-1 
1 
1 
-1 
-1 
1 
H 
VD 
0 
•2 
2 
0 
0 
0 
0 
0 
0 
0 
4 
4 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-2 
2 
0 
0 
0 
0 
- 2  
2 
0 
0 
0 
0 
4 
4 
0 
0 
0 
0 
4 
4 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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Table 55• Elements of inverse matrix for the bluegrass 
experimental design 
Elements 
o
 
o
 
o
 o
 
o
 
H
 
°02 K
-
\ o
 
o
 °04 
0 .777777 0 .000000 0 .000000 0 .000000 -0 .222222 
0 .000000 0 .062500 0 .000000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .062500 0 .000000 0 .000000 
0 .000000 0, .000000 0 .000000 0 .062500 0 .000000 
-0 .222222 0 .000000 0 .000000 0 .000000 0 .090278 
-0 .222222 0 .000000 0 .000000 0 .000000 0 .059028 
-0 .222222 0 .000000 0 .000000 0 .000000 0 .059028 
0 .000000 0 .000000 0 .000000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .000000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .000000 0 .000000 0 .000000 
^05 C06 c07 °08 °09 
-0 .222222 -0 .222222 0 .000000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .000000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .000000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .000000 0 .000000 0 .000000 
0 .059028 0 .059028 0 .000000 0 .000000 0 .000000 
0 .090278 0 .059028 0 .000000 0 .000000 0 .000000 
0 .059028 0 .090278 0 .000000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .125000 0 .000000 0 .000000 
0 .000000 0 .000000 0 .000000 0 .125000 0 .000000 
0 .000000 0 .000000 0 .000000 0 .000000 0 .125000 
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APPENDIX B: PLANT ANALYSIS METHODS 
Beagents: 
1. Concentrated E^SO^, technical grade. 
2. Copper wire (catalyst). 
3. Gum Ghatti stock solution - Dissolve 12 grams of pow­
dered gum ghatti in 195 ml. of NH^-free water, and then 
add 5 ml. of Nessler reagent. (Gum ghatti dissolves 
most readily by adding just enough water to make a paste 
and then adding the balance of the water while stirring. ) 
Allow to settle a few days before using. Store in brown 
bottle or a dark place (prepare fresh stock solution 
every 2 months). Dilute 50 ml. of stock solution to 
18 liters for use in the plant analysis. 
4. Nessler's reagent - Dissolve in a 1 liter volumetric 
flask 45.5 grams of mercuric iodide and 35.0 grams of 
potassium iodide in as little NH^-free water as is 
needed. Add 112 grams of potassium hydroxide ; shake 
well, cool, and make to volume with NH^-free water. 
Allow to settle for a few days and use the supernatant 
liquid. Transfer to a brown bottle and keep in a cool, 
dark place. 
5. Vanado-molybdate solution - Dissolve 195 grams of ammo­
nium molybdate in a liter of water. Dissolve 5.05 grams 
of ammonium metavanadate in a liter of boiling water. 
Cool. Transfer both solutions to a carboy and make up 
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to 18 liters with water. 
6. Lithium solution (20,000 ppm Li) - Dissolve 198.4 grams 
of LiUO^ in EgO and dilute to 1 liter. 
7. Lithium solution (450 ppm Li) - Pipette 405 ml. of the 
20,000 ppm Li solution into a carboy and make up to 18 
liters with water. 
Standard solutions: 
1. B stock solution - Dissolve 4.714 grams of (NE^)gSO^ 
(previously dried 12 hours or more at 100° C. and cooled 
in a desiccator) in water and dilute to 1 liter. Bach 
ml. contains 1.0 mg. E. 
2. N standards - Into blank solutions of S_S0^ and copper 
prepared as in the digestion procedure, add the follow­
ing amounts of H stock solution: 
Standard Ml. of N Equivalent $ IT 
stock solution in plant sample 
H-0 0 0.0 
H-l 5 1.0 
E-2 10 2.0 
ÏT-3 15 5.0 
U-4 20 4.0 
Dilute each standard solution to 90 ml. with water as in 
digestion procedure. Add 2250 ml. of water to each 
standard and store in reagent bottles. 
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P stock solution - Dissolve 0.54-88 grams of pure dry 
KHgPO^ in water and dilute to 1 liter (125 micrograms 
P/ml.). 
P standard solution - Into blank solutions of Eg 80^ and 
Cu prepared as described in the digestion procedure, add 
the following amounts of P stock solution: 
Standard 
Ml. of 
E2O 
Ml. of P 
stock solution 
Equivalent $ P 
in plant sample 
P-0 82 0 0.000 
P-l 77 5 0.125 
P-2 72 10 0.250 
P-3 67 15 0.375 
P-4 62 20 0.500 
Dilute each standard solution up to 90 ml. with water 
as in the digestion procedure and store in a reagent 
bottle. 
£ stock solution - Dissolve 2.861 grams of pure, dry 
EC1 in water. Dilute to 1 liter (1500 ppm £). 
E standard solution - Into blank solutions of H^SO^ and 
copper prepared as described in the digestion procedure 
add the following amounts of K stock solution: 
!£L of Ml. of K Equivalent # E 
Standard H90 stock solution in plant sample 
£-0 82 0 0.00 
E-l 77 5 1.50 
E-2 72 10 3.00 
£-3 57 15 4»50 
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Dilute each standard, up to 90 ml. with water as in the 
digestion procedure. Add 450 ml. of 450 ppm Li solution 
to each standard and store in a reagent bottle. 
Digestion: 
1. Dry the ground plant samples for 24 hours at 65° C. 
2. Weigh out 0.50 grams of the dry sample on a torsion 
balance and transfer to a 100 ml. volumetric flask. 
3. Add 8 ml. of conc. HgSO^' 
4. Add a small piece of copper wire and a glass bead. 
5. Digest on a hot plate until colorless. Swirl the flask 
near the end of the digestion period to wash down the 
sides. Digest for at least 1 hour after the solution 
is colorless. 
6. Remove from hot plate and cool. 
7. Add 83 ml. of distilled, IJH^-free water. Mix well. 
(Final volume = 90 ml.) 
Nitrogen determination - Pipette 1 ml. of the digest 
into a 50 ml. Erlenmeyer flask. Add 25 ml. of distilled 
NH^-free water. Pipette 5 ml. of each of the diluted 
digest solution and of each of the N standard solutions 
into test tubes. Add 25 ml. of gum ghatti solution. 
Add 2 ml. of Nessler's reagent and mix immediately. 
Read on colorimeter using a 420 filter after 1 hour. 
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Phosphorus determination - Pipette 5 ml. of the digest 
solution into a test tube. Add 25 ml. of the vanado-
molybdate solution and mix thoroughly. Prepare stand­
ards in the same way and read on colorimeter using a 
420 filter after 1 hour. 
Potassium determination - Pipette 5 ml. of the digest 
solution into a 50 ml. Erlenmeyer flask. Add 25 ml. 
of 450 ppm Li solution. Mix thoroughly. Use standard 
to set the gain on the flame photometer and read the 
samples. Repeatedly check the instrument with the 
standard solutions. 
